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Interpolation Problem Statement

Dataset consisting of independent data values x; and
dependent data values yifori=1, ..., n

Need to find an estimation function Y such as y(x;) =y, for every

point of dataset
If given a new Xk — the y(X«) can be estimated
¥(x) — interpolation function {

We need to have underlying model

for the data v &




Linear Interpolation

- the estimated point is assumed to lie on the line joining the
nearest points to the left and right

Linear Interpolation at x = 1.5

o If X < X < Xi1

YVit1 — yi)(x —x;)

y(x)=yi +

(Xiy1 — Xi)




Cubic Spline

 the interpolation function is a set of piecewise cubic functions

* we assume that the points (xi, y;) and (X1, Yi+1) are joined by a
cubic polynomial, valid for x, < x<xi.1 fori=1,...,n-1:

S;(x) =a;x> +b;x*+ cjx + d;

= To find the interpolation function, we must first determine the
coefficients a;, bi, ci, di for each of the cubic functions

* For n points, there are n — 1 cubic functions to find, and each
cubic function requires four coefficients (total of 4(n — 1)
unknowns / equations)




Cubic Spline

= First, the cubic functions must intersect the data the points on
the left and the right (2(n — 1) equations):

Si (x;) = yi, p="by sl
Sl(xl-l—l):yl-l-l& i= 13”'3}1_ 15

* Next, we want each cubic function to join as smoothly with its
neighbors as possible, so we constrain the splines to have
continuous first and second derivatives at the data points

1=2,...,n—-1 (2(n - 2) equations):
SlGen) =Sl Crp)y, 1=, 82,

S i) =8l ==,




Cubic Spline

* Final two equations are arbitrary — to fit the circumstances of
the interpolation being performed (boundary conditions)

- If the curve is a straight line at the endpoints:

S Gay =10
S (xn) = 0.




Cubic Spline

* constraints Si(x;) = vi:
l( ') yi 611% -|—b1x% +cix1 +di =y,

azx% + bzx% + cox2 +dr = v,

ﬂn—lx,::_l +bn—lx§_1 + Cp—1Xn—1 +dp—1 = yn—1.
*constraints Si(Xi+1) = Vi
alxz,’ + blx% + c1x2 +di =y,

azxg’ + bzxg + coxz+dr = y3,

ﬂn_lxr? + bn—lx}? _I_ Cn—1Xn +dn—l = yﬂ.




Cubic Spline

© constraints S'i(Xi+1) = S'i+1(Xi+1):
3.-:111:% +2b1x2 +c1 — 3&23:% — 2bax2 — c2 =0,
3&21:32 + 2brx3 + 2 — 3&3.1:3% — 2b3x3 — c3 =0,

3ap_ox>_, 4+ 2by_2Xn_1 + Cn—p — 3au_1x?

n—1 2by_1xp—1 —cp—1 =0.

© constraints S”i(Xi«1) = S”1(Xi+1):

6a1x> + 2by — 6arx» — 2by, =0,
6axxsz + 2by — 6azxz — 2b3 =0,

_ 6a,—2x,—1 +2by—2 — 6a,—1x,—-1 —2by—1 =0. '




Cubic Spline

* Boundary conditions S”1(x1) = 0 and S”n.1(Xn) = O:

6ayxy +2b; =0,
O 1% +2hs_1 =10,

* System of equations:

00010 O O O a I
0000T1 1 1 1 by 3
11110 0 0 0 c1 3
0000S8 4 2 1 d | | 2
3210 -3 -2 -1 0 a || o
6200 —6 —20 0 by 0
02000 0 0 0 e 0

__000012 2 0 0 || d _ _0_-




Cubic Spline

Cubic Spline Interpolation

* two cubic polynomials:
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Lagrange Polynomial Interpolation
- Lagrange polynomial interpolation finds a single polynomial that
goes through all the data points L(x)
= As an interpolation function, it should have the property L(Xi) =V

- Lagrange polynomials can be represented as a linear combination
of Lagrange basis polynomials Pi(x):

M

L(x)=) 3Pi(x)

=1




Lagrange base polynomials

Lagrange Basis Polynomials

Forx =[O0, 1, 2]
_ _ 1 N /
Py (x) = (x—x)(x—x3) _ 6P i,
(xi =20yl —am) 2 : SRR
Py(x) = AL =—x* 421, - S~ —

(x2 — x1)(x2 —x3)

e T \

(x3 —x1)(x3 —x2) 2 _2 / \
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Lagrange Polynomial Interpolation

by construction, Pi(x) has
the property that:

Pi(xx) =1 when i =k and
Pi(Xk) = 0 when ik

Lagrange Polynomial

2




Newton’s Polynomial Interpolation

- Newton’s polynomial interpolation is another popular way to
exactly fit a set of data points

fx)=ap+a(x —xp)+ax(x —xp)(x —x1)+ -+ ay(x —xp)(x —x1) - (x — xp),

which can be rewritten as:

H

fx)y=) aini(x)

i=()

where

i—1

ni(x) =[] —x)

j=0




Newton’s Polynomial Interpolation

* Feature of this approach — coefficients ai can be determined using
very simple mathematical procedure

* since the polynomial goes through each data point, for a data
point (X, yi), we will have f(x;)) =y, thus we have:

f(x0) = ap = yo

f(x1) =ap+ a)(x; —xp) = yi1.

Then we can find coefficient a:: Y1 — Yo
i) =

L1 — X0




Newton’s Polynomial

- If we insert data point (X2, y»), we can calculate a.:

V2=¥1 __ YI=)o

a = A=A X1 —4p _
X2 — X
* One more point: yi=ya _¥a=¥3 Ya=¥1 _¥1—=¥
.!.'3—1'2 .[2—.!.'1 — .1'1—.!.'1 I]—.l.'ﬂ
a3 = X3—X] X2—X0
X3 — X
- The patterns is divided differences:  f[x1.xo] = j’:' _i“,
1 — AD




Newton’s Polynomial

* Then:

M=V _ Yi—Wo
X1—X] X1 =—Xpn f[xﬂ-: Il] - f[xl:—rﬂl
flx2, x1,x0] = = -
X2 — X X2 — X1

* We could obtain the following iteration equation:

flxe, xp—1, .-y x2, x2] = flxe—1, Xk—2, ..., x1, x0]
Xi — Xp

flxg, xp—1, ..., X1, x0] =




Newton’s Polynomial

* The procedure for finding these coefficients can be summarized
Into a divided difference table:

X0 Yo
flx1, xo]
X1y flx2, x1, xo]
flx2, x1] flx3, x2, x1, xp]
X ¥a Flxs, %271 fxa, x3, x2, x1, x0]
flx3, x2] flxa, x3,x2, x1]
Xy ¥ flxa, x3,x2]
Sflxa, x3]

X4 Va4




Newton’s Polynomial

* we can calculate all elements and store them in a diagonal matrix

w FIxi.xal flxo.xi.x] flxso.x0x0] Flxa, x50, x1,.%]

i flxexi] Sl x.x]  flxsxs.2,x5] 0
v flxs.xz] flxi, x3.%3] 0 0
y3  flxa, x3] 0 0 0
V4 0 0 0 0

= The first row Iin the matrix are the coefficients that we need (ai, az,
as, as)




Newton’s Polynomial

For x=[-5, -1, 0, 2]
y=[-2,6,1, 3] 12 //\\\




Complexity

- Lagrange polynomial — O(n?)

* Newton’s polynomial — O(n)




Tasks

Given points with: x = [0, 1, 2],y =[1, 3, 2]
- Implement linear interpolation for xx = 1.5 and plot the result
* Check solution if using interpld from scipy.interpolate
* Implement cubic spline interpolation for the same point and plot results
*  Check solution if using CubicSpline from scipy.interpolate

- Find Lagrange base polynomials (P1, P2 and P3) for the same points. Plot them in
for x = np.arange(-1, 3.1, 0.1)

* Find L(x), and x«, plot results and compare to lagrange from scipy.interpolate
- Play with number of the dots and observe behavior of the polynomial

* For points: x =[-5,-1,0,2], y = [-2,6,1,3] find newton’s polynomial and get y« = ? for
Xk=1.5
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