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Preface

THis collection is meant for physics students. Its contents correspond
roughly to the mechanics course in the textbooks by Landau and Lifshitz
(1960), Goldstein (1950), or ter Haar (1964).

We hope that the reading of this collection will give pleasure not only
to students studying mechanics, but also to people who already know it.

We follow the order in which the material is presented by Landau and
Lifshitz, except that we start using the Lagrangian equations in § 4.
The problems in §§ 1-3 can be solved using the Newtonian equations of
motion together with the energy, linear momentum and angular momen-
tum conservation laws.

As a rule, the solution of a problem is not finished with obtaining the
required formulae. It is necessary to analyse the results and this is of
great interest and by no means a “mechanical” part of the solution.
In particular, it is very desirable to study limiting cases. This is useful not
only for checking purposes and for an understanding of the solution
obtained, but also for a preliminary analysis of the problem which can be
used to learn how to find the motion of a system by intuition. It is also
very useful to investigate what happens to a solution, if the conditions of
the problem are varied. We have, therefore, suggested further problems
at the end of several solutions.

Apart from a few exceptions, we have used the notation of the Mechan-
ics volume by Landau and Lifshitz (1960) and this is often not specifi-
cally stated. In problems on electrical circuits we use SI units and for
problems about the motion of particles in electromagnetic fields, gaussian
units.

A large part of the problems were chosen for the practical classes with
students from the physics faculty of the Novosibirsk State University for
a course in theoretical mechanics given by Yu. I. Kulakov. We want
cspecially to emphasise his role in the choice and critical discussion of a
large number of problems. We owe a great debt to I. F. Ginzburg for
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Preface

uscful advice and hints which we took into account. We are very grateful
to V. D. Krivchenkov whose active interest helped us to persevere until
the end.

We wish to express our indebtedness to A. A. Drozdov, G. I. Frolova,
K. G. Gan, Yu. N. Kafiev, V. N. Limanskii, V. L. Maksimov, N. M.
Matveeva, T. A. Panshina, N. A. Serbo, A. B. Shvachka, A. A. Sysoletin,
and A. S. Vaisman, who helped us in formulating the text.

We are grateful to E. A. Kravchenko and A. L. Kotkin whose part
in helping us with translating this book into English cannot be overes-
timated. We are extremely grateful to D. ter Haar for his help in
organising an English edition of our book.

We would be grateful for being told of any errors which are still
present.

viii
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Problems

1. INTEGRATION OF ONE-DIMENSIONAL EQUATIONS OF MOTION

1.1. Describe the motion of a particle in the following potentials
U(x):

(a) U(x) = A(e~2*—2e~*) (Morse potential Fig. 1a);
_Uo.
coshZax
(¢) U(x) = Uotan2ax (Fig. 1c).

(b) U(x) =— (Fig. 1b);

U(x) U(x) 1 U(x)

(a) (b) (c)
FiG. 1

x

1.2. Describe the motion of a particle in the potential U(x) = — Ax4,
for the case where its energy is equal to zero.

1.3. Give an approximate description of the motion of a particle in a
potential U(x) near the turning point x = a (see Fig. 2).

Hint: Use a Taylor expansion of U(x) near the point x = a. Consider
the cases U'(a) # 0 and U’'(a) = 0, U"'(a) # O.
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FiG. 3

1.4. Determine how the period of a particle moving in the potential
drawn in Fig. 3 tends to infinity as its energy E approaches U,,.

1.5. Estimate the period of a particle moving in the potential U(x) given
in Fig. 4, when its energy is close to U,, (E—U,, << U,,— U,;n)-

Determine how long the particle stays in the range x, x+dx.

1.6. A point particle m moves along a circle of radius / in a vertical
plane under the influence of the field of gravity (mathematical pendulum).
Describe its motion for the case when its kinetic energy E in the lowest
point is equal to 2mgl.

Estimate the period of the pendulum when E—2mgl < 2mgl.

1.7. Describe the motion of a mathematical pendulum for an arbitrary
value of the energy.

4



1.1 Problems
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FiG. 4

Hint: The time dependence of the angle the pendulum makes with the
vertical can be expressed in terms of elliptic functions (see, for instance,
Landau and Lifshitz, 1960, § 37).

1.8. Determine the change in the motion of a particle moving along a
section which does not contain turning points when the potential U(x) is
changed by a small amount U(x). Consider the applicability of the results
obtained for the case of a section near a turning point.

1.9. Find the change in the motion of a particle caused by a small
change 6U(x) in the potential U(x) in the following cases:

(@) U(x) = +mw?x? (harmonic oscillator), 6U(x) = max3;

(b) U(x) = ax72, x < a; U(x) = o, x > a, 0U(x) = F(x).

1.10. Determine the change in the period of a finite orbit of a particle
caused by the change in the potential U(x) by a small amount é U(x).

1.11. Find the change in the period of a particle moving in a potential
U(x) caused by addipg to the potential U(x) a small term 6U(x) in the fol-
lowing cases:

(@) U(x) = gmaw2, 6U(x) = tmpx4;

(b) U(x) = tmw?x?, OU(x) = Fmax®;

(©) U(x) = A(e~2*—2e~*), oU(x) =—Ve*(V <« A).
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2. MOTION OF A PARTICLE IN THREE-DIMENSIONAL POTENTIALS

2.1. Describe qualitatively the motion of a particle in the potential
U = —a/r—y/r?for different values of the angular momentum and of the
energy.

2.2. Find the trajectories for a particle moving in the potential

U(r)=-V, r<R; U@r)=0, r=>R

(Fig. 5: “spherical rectangular potential well™) for different values of the
angular momentum and of the energy.

FiG. 5

2.3. Determine the trajectory of a particle in the potential U = a/r+ g/r?.
Give an expression for the change in the direction of the velocity when the
particle is scattered as a function of angular momentum and energy.

2.4. Determine the trajectory of a particle in the potential U=
af/r—pB/r?. Find the time it takes the particle to fall to the centre of the
potential from a distance r. How many revolutions around the centre
will the particle then make?

2.5. Determine the trajectory of a particle in the potential U =
—a/r+p/r?. Find the angle 4¢p between the directions of the radius
vector at two successive passages through the pericentre (that is, when

6



2.14 Problems

r=ru,); find also the period of the radial oscillations, 7,, and the
period of revolution, T,. Under what conditions will the orbit be a
closed one?
2.6. Determine the orbit of a particle in the potential U = —a/r—g/r2.
2.7. For what values of the angular momentum M is it possible to have
finite orbits in the potential U(r) for the following cases:
ae~*

(@ U=-2",

(b) U = — Ve=xr?

2.8. A particle falls from a finite distance towards the centre of the po-
tential U = —ar—". Will it make a finite number of revolutions around
the centre? Will it take a finite time to fall towards the centre? Find the
equation of the orbit for small r.

2.9. A particle in the potential U(r) flies off to infinity from a distance
r # 0. Is the number of revolutions around the centre, made by the par-
ticle, finite for the following cases:
<4
(@ U= T

a
=2
® U=-"-0

2.10. How long will it take a particle to fall from a distance R to the
centre of the potential U = —a«/fr? The initial velocity of the particle is
zero. Treat the orbit as a degenerated ellipse.

2.11. Determine the minimum distance between two particles, the one
approaching from infinity with an impact parameter ¢ and an initial ve-
locity v and the other one initially at rest. The masses of the particles are m;
and m., and the interaction law is U = ar—".

2.12. Determine in the centre of mass system the finite orbits of two
particles of masess m; and ms, and an interaction law U = —a/r.

2.13. Determine.the position of the focus of a beam of particles close to
the beam axis, when the particles are scattered in a potential U(r) under
the assumption that a particle flying along the axis is turned back.

2.14. Find the inaccessible region of space for a beam of particles fly-

ing along the z-axis with a velocity v and being scattered by a potential
U=afr.
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2.15. Find the inaccessible region of space for particles flying with a
velocity v from a point A4 in all directions and moving in a potential

= —alr.

2.16. Use the integral of motion 4 = [v A M]—a(r/r) to find the orbit of
a particle moving in the potential U = —a/r.

2.17. Determine the change in the angular momentum and energy
dependence of the period of radial oscillations of a point particle moving
in a potential U(r) when this potential is changed by a small amount
ou(r).

2.18. Show that the orbit of a particle in the potential U = —ae="/?/r
is a slowly precessing ellipse when r,,,, < D. Find the velocity of preces-
sion.

2.19. Find the precessional velocity of the orbit in the potential U =
—a/r'+e, when |e| < 1.

2.20. Find the change in the period of the radial oscillations, in the
period of revolution, and in the angle between the radius vectors at two
successive passages through the pericentre

(a) when the energy is changed by a small amount 4E, and

(b) when the potential is changed instantaneously by a small amount
ou(r).

2.21. Find the equation of motion of the orbit of a particle moving in
the potential U(r) = — «/r+y/r3, assuming y/r® to be a small correction to
the Coulomb field.

2.22. Show that the problem of the motion of two charged particles in
a uniform electrical field E can be reduced to the problem of the motion of
the centre of mass and that of the motion of a particle in a given potential.

2.23. Under what conditions can the problem of the motion of two
charged particles in a uniform magnetic field be separated into the prob-
lem of the centre of mass motion and the relative motion problem?

Take the vector potential in the form 4 = J[HAr].

2.24. Express the kinetic energy, the linear momentum, and the angular
momentum of a system of N particles in terms of the Jacobi coordinates

E' _ mri+.. .+mﬂ'j
/ m+ ... +m;

1, j=1,2,.. N—I;

g _m1r1+...+mNrN
mi+...+my



2.32 Problems

2.25. A particle with a velocity v at infinity collides with another par-
ticle of the same mass m which is at rest. Their interaction potential is
U = o/r* and the collision is a central one. Find the point where the first
particle comes to rest.

2.26. Prove that

(M-H)+2—ec([r/\H])-[r/\H]), where M = mr Aol

is an integral of motion for a charged particle moving in a uniform mag-
netic field H.

2.27. Give a qualitative description of the motion and the shape of the
orbit of a particle moving in the field of a magnetic dipole # in the plane
perpendicular to the dipole. Take the vector potential in the form 4 =
[ A Ar]IP.

2.28. (a) Give a qualitative description of the motion of a charged par-
ticle in the potential U = +mar?, where r is the distance from the z-axis
(the field of a uniformly charged cylinder), for the case where there is a
uniform magnetic field H parallel to the z-axis present.

(b) Find the orbit of a charged particle moving in the potential
U(r)=a/r?in a plane perpendicular to a constant uniform magnetic field H.

2.29. A charged particle moves in the Coulomb field U = —a/r in a
plane perpendicular to a uniform magnetic field H.

Find the orbit of the particle. Study the case where the potential U(r) is
a small perturbation and the case when H is small.

2.30. Describe the motion of two identical charged particles in a uni-
form magnetic field H for the case when their orbits lie in the same plane
which is perpendicular to H and where we may consider their interaction
energy U = e?/r to be a small perturbation.

2.31. Show that the quantity
a(F-r) 1

(F-lAM]) ===+ 5 ([FAr]-[FAr])

is a constant of motion in the potential U(r) = —a/r—(F -r). Give the
meaning of this integral of motion when F is very small.

2.32. Study the effect of a small extra term 6U = — (F - r) added to the
Coulomb potential on the finite orbit of a particle.

(a) Find the average rate of change of the angular momentum, averaged
over one period;

PCM2 9
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(b) Find the time-dependence of the angular momentum, the size, and
the orientation of the orbit for the case when the force F lies in the orbital
plane;

(c) Do the same as under (b) for the case when the orientation of F is
arbitrary.

2.33. Find the systematic displacement of a finite orbit of a charged
particle moving in the potential U(r) = —a«/r and in the field of a magne-
tic dipole A, if the effect of the latter may be considered to be a small per-
turbation. Take the vector potential in the form A = [ Ar]/r.

Hint: Write down the equations of motion for the vectors M =
mlrAv] and B = [pAM]—ar/r averaged over one period, and solve
them.

3. SCATTERING IN A GIVEN FIELD. COLLISIONS BETWEEN PARTICLES

3.1. Find the differential cross-section for the scattering of particles
with initial velocities parallel to the z-axis by smooth elastic surfaces of
revolution o(z) for the following cases:

(a)g:bsin:lz—, 0=z=na;

2 2
(b)9=b—a7. "Tgkw.

(c)o=A4z", n=>0, n=1;

3.2. Find the surface of revolution which is such that the cross-section
for elastic scattering by this surface is the same as the Rutherford scatter-
ing cross-section.

3.3. Find the differential cross-section for the scattering of particles by
a spherical “potential barrier”:

uirny=Vv, r<a; U(r)=0, r=a.

3.4. Find the cross-section for the process where a particle falls towards
the centre of the potential U(r) when U(r) is given by:

@ vy = 2= ;

) Uy = B-— 2.

R T

10



3.12 Problems

3.5. Calculate the cross-section for a particle to hit a small sphere of
radius R placed at the centre of the potential U(r) for the cases:

@UO=-1, n=2

(b) U(r) = %‘%

3.6. Find the differential cross-section for the scattering of particles by
the potential U(r) = a/r—a/R, r < R; U(r) = 0,r = R.

3.7. Find the differential cross-section for the scattering of fast particles
(E>V) by the potential U(r) = V(1—r?/R?), r < R; U(r) =0, r = R.

3.8. Calculate the differential cross-section for small angle scattering in
the potential U(r) = B/ri—a/r?.

3.9. Find the differential cross-section for the scattering of particles by
the potential U(r) = —a/r2

3.10. Find the differential cross-section for the scattering of fast parti
cles (E > V') by the following potentials U(r):

@) U(r) = Ve,
vV
(b) U(") = —l—-'-—"?r‘é' .
Study in detail the limiting cases when the deflecting angle is close to
its minimum or to its maximum value.
3.11. A beam of particles with their velocities initially parallel to the
z-axis is scattered by the fixed ellipsoid
X2 2 2
EtEtea
Find the differential scattering cross-section for the following cases:
(a) the ellipsoid is smooth and the scattering elastic;
(b) the ellipsoid is smooth and the scattering is inelastic;
(c) the ellipsoid is rough and the scattering elastic.

3.12. Find the differential cross-section for small-angle scattering by
the following potentials U(r) (a is a constant vector):

=1

@ ey = 37
(b) Ur) = (“rT')

. 11



Collection of Problems in Classical Mechanics 3.13
3.13. Find the change in the differential cross-section for the scatter-

ing of a particle by the potential U(r) when U(r) is varied by a small
amount dU(r) for the following cases:

@ur =%, sm=1;

®) U =2, sU) = T

© Ur) = % sury =, .

3.14. Find the differential cross-section as function of the energy ac-
quired by fast particles (E >V, ,) due to their scattering in the poten-
tial U(r, ) = [V1(r)+ Vo(r) sin wt]e=*.

3.15. A particle with velocity ¥ decays into two identical particles. Find
the distribution of the secondary particles over the angle of divergence,
that is, the angle between the directions at which the two secondary par-
ticles fly off. The decay is isotropic in the centre-of-mass system and the
velocity of the secondary particles is ¥ in that system.

3.16. Find the energy distribution of secondary particles in the labora-
tory system, if the angular distribution in the centre-of-mass system is
3 sin? 6, d%w /87 (d%0w = sin 0o dfy dp), where 0, is the angle between the
velocity V of the original particle and the direction in which one of the
secondary particles flies off in the centre-of-mass system. The velocity of
the secondary particles in the centre-of-mass system is V.

3.17. An electron moving at infinity with velocity ¥ collides with
another electron at rest; the impact parameter is . Determine the veloci-
ties of the two electrons after the collision.

3.18. Find the range of possible values for the angle between the ve-
locity directions after a moving particle of mass m; has collided with a par-
ticle of mass ma at rest.

3.19. Find the differential cross-section for the scattering of inelastic
smooth spheres by similar ones at rest.

3.20. Find the change in the intensity of a beam of particles travelling
through a volume filled with absorbing centres; their density is n cm™—3,
and the absorption cross-section is o.

3.21. Find the number of reactions occurring during a time d? in a vo I-

12



45 Problems

ume element d® when two beams with velocities ¥; and ¥, and densities
n; and n,, respectively, collide. The reaction cross-section is o.

3.22. A particle of mass M moves in a volume filled with particles of
mass m (<< M) which are at rest initially. The cross-section for the scatter-
ing of M by m is do/d?w = f(0), and the collisions are assumed to be elas-
tic.

(a) Find the “frictional force” acting on M,

(b) Find the average of the square of the angle over which M is deflected.

4. LAGRANGIAN EQUATIONS OF MOTION. CONSERVATION LAWS

4.1. A particle, moving in the potential U(x) = — Fx, travels from the
point x = 0 to the point x = a in a time 7. Find the time-dependence
of the position of the particle, assuming it to be of the form x(f) =
At>+ Bt+C, and determining the constants A4, B, and C such that the
action is a minimum.

4.2. A particle moves in the xy-plane in the potential U(x, y) = O,
x < 0; U(x, y) = V, x > 0, and travels in a time 7 from the point (—a, 0)
to the point (a, a). Find its position as a function of time, assuming that it
satisfies the equations

X1,2 = Ay, ot + By, 2,
y1,2= Cy,ot+ Dy, 2.
The indices 1 and 2 refer, respectively, to the left-hand (x < 0) and
right-hand (x = 0) half-planes.

4.3. Prove by direct calculation the invariance of the Lagrangian equa-
tions of motion under the coordinate transformation

q’=q’(Q1’ Q29 ceey Qb t), i= 1, 2, ceey S

4.4. What is the change in the Lagrangian in order that the Lagrangian
equations of motion retain their form under the transformation to new
coordinates and “time”:

qlqu(QbQ29 ~~~9Ql’t)’ i = 1’2’ cees 85
t=101,Qs ..., Qs 7).

4.5. Write down the Lagrangian and the equations of motion for a par-
ticle moving in a potential U(x), introducing a “local time” v = ¢— Ax.

13



Collection of Problems in Classical Mechanics 4.6

4.6. How does the Lagrangian

transform when we change to the coordinate ¢ and “time” 7 through the
equations:
x = gcosh A+7sinh 4,

t = gsinh A+t cosh 1?

4.7. How do the energy and the generalised momenta change under the
coordinate transformation

qi:ﬁ(Ql)°~-,Q.nt), i=1,...,8?

4.8. How do the energy and the generalised momenta which are conju-
gate to (a) the spherical polar and (b) the Cartesian coordinates transform
under a change to a coordinate system which is rotating around the z-axis?

@e=¢+0, r=r;
(b) x = x' cos Qr —y'sin Q1,
y = x'sinQt+y’ cos Qt.
4.9. How do the energy and momenta change when we change to a

frame of reference which is moving with a velocity ¥ ? Take the Lagrangian
L' in the moving frame of reference in either of two forms:
(@) L; = L(r'+ Vt, ¥+ V, 1), where L(#, r, t) is the Lagrangian in the
original frame of reference;
(b) Ly = Y 1myp2—U(r'+ V1, 1). Here L, differs from L; by the total
a

derivative with respect to the time of the function ( V. ; m,r,',) + % Vet ; m,.

4.10. Consider an infinitesimal transformation of the coordinates and
the time of the form

q::qi+€g,i(q’ t), t'=t+eX(g,1), e~ 0.

Show that if the action is invariant under this transformation,

fs dq (%, (., 44 .\,
I‘L(q,dt,t)dt-LL(q,-dt,,t)dt,

14



4.15 Problems

the quantity
z (41}{ ¥Y)-LX

is an integral of motion.

4.11. Generalise the theorem of the preceding problem to the case when
under the transformation of the coordinates and the time the action
changes in the following way:

f dq _ (" , dqg afg,t) ) .
J; L(q, w,t)dt—.[’ {L(q, ar ,t)+ dr’ }dt.

4.12. Find the integrals of motion if the action remains invariant under:

(a) a translation;

(b) a rotation;

(c) a shift in the origin of the time;
(d) a screw shift;

(e) the transformation of problem 4.6.

4.13. Find the integrals of motion for a particle moving in

(a) a uniform field U(r) = —(F -r);
(b) a potential U(r), where U(r) is a homogeneous function,

U(ar) = a®U(r);

specify for what values of n the similarity transformation leaves
the action invariant;

(c) the field of a travelling wave U(r, ) = U(r—Vr), where V is a
constant vector;

(d) a magnetic field specified by the vector potential A(r), where A(r) is
a homogeneous function;

(e) an electromagnetic field rotating with a constant angular velocity 2
around the z-axis.

4.14. Find the integral of motion corresponding to the Galilean trans-

formations.

Hint: Use the result of problem 4.11.

4.15. Find the integrals of motion of a particle moving in a uniform
magnetic field H, if the vector potential is given in the form

@) 4 = ;[HAr);
(b) A, =4, =0, 4, = Hx.

15



Collection of Problems in Classical Mechanics 4.16

4.16. Find the integrals of motion of a particle moving in

(a) the field of a magnetic dipole, 4 = [MAr]/rP, M = constant;
(b) the Rubenchik field, 4, = u/r, A, = 4, = 0.

4.17. Find the equations of motion of a system with the following
Lagrangian: '
(@) L(x,x) = e~ (e-i’+25cfxe—“’ da) ;
0
(b) L(x, X, t) = 3e*(X2 —wx2).

4.18. Write down the components of the acceleration vector for a par-
ticle

(a) in the system of spherical polars;
(b) for the case of orthogonal coordinates g¢;, if the line element is
given by the equation

ds? = hi dg}+h3 dg3+ h3 dq3,
where h; = h{(q, g2, qs) are the Lamé coefficients.

4.19. Write down the equations of motion of a point particle using arbi-
trary coordinates ¢; which are connected with the Cartesian coordinates
x; by the relations:

@) xi = xi(q1, g2, q3), i=1,2,3;
(b) Xi = xi(ql, q2a q3, t), i = ]9 29 3'
4.20. Verify that one can use the Lagrangians

_4
2C

where §; = I is the current flowing through the inductance .2 in the
solenoid from A to B (Fig. 6a), g2 the charge on the upper plate of the
capacitor (Fig. 6b), and U the voltage between A and B (U = p5—¢,),
to find the correct “equations of motion” for the ¢; and the correct energies.

& ulla B£ J-qé
% IA AI I

FI1G. 6

Ly =1.204-Uq, L,

+ Uq29

16



4.23 Problems

4.21. Use the additivity property of the Lagrangians and the results of
the preceding problem to find the Lagrangians and the Lagrangian equa-
tions of motion for the circuits of Figs. 7a, b, c.

(a) (b)
Fi1G. 7

4.22. Find the Lagrangians for the following systems:

(a) a circuit with a variable capacitor, the movable plate of which is
connected to a pendulum of mass m (Fig. 8a), and the capacitance
of which is a known function C(p) of the angle ¢ the pendulum
makes with the vertical. The mass of the capacitor plate may be
neglected;

(b) a core suspended from a spring with elastic constant » inside a
solenoid with inductance .2(x) which is a given function of the
displacement x of the core (Fig. 8b).

— [}
— * X
1 __'_
1%
]
|
__—
— 1
—
1 — |
.
Fc —1~
—_—
_

(b)
Fi1G. 8

4.23. A perfectly conducting square frame can rotate around a fixed
side AB of length a (Fig. 9). The frame is placed in a constant uniform
magnetic field H at right angles to the AB-axis. The inductance of the
frame is .2, the mass of the side CD is m, and the masses of the other sides
may be neglected. Describe qualitatively the motion of the frame.
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Collection of Problems in Classical Mechanics 4.24
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4.24. Use the method of the Lagrangian or undetermined multipliers to
obtain the equations of motion for a particle in the field of gravity when it
is constrained to move

(a) along a parabola z = ax? in a vertical plane;
(b) along a circle of radius / in a vertical plane.

Determine the forces of constraint.

4.25. A particle moves in the field of gravity along a straight line
which is rotating uniformly in a vertical plane. Write down the equations
of motion and determine the moment of the forces of constraint.

4.26. One can describe the influence of constraints and friction on the
motion of a system by introducing generalised constraint and friction
forces into the equations of motion:

doL ©oL
S 2= =R.
dt aq,' aq;

(a) How does the energy of the system vary with time?

(b) What is the transformation of the R; which leaves the equations of
motion invariant under a transformation to new generalised coordinates:

qi = ql(Qb sy Q.n t)?
4.27. Let the constraint equations be of the form

(ip= zlbﬁnqn, ﬂ=1,...,r,

n=r+
while the Lagrangian L(q,.,y, --., g5, q1, - - -» §s t) and the coefficients
bg, do not depend on the g,.
Show that the equations of motion can be written in the form
d oL oL r oL S (abﬂm abp,,) G = 0

e - o
dt 3G,  o4n ' =, Odp ,..=Zr+1 o4 Oqnm

18



5.1 Problems

where L(q,+1, vvesqssGpy1s - - -5 s, t) is the function obtained from L by
using the constraint equations to eliminate the velocities ¢, . . ., §,.

4.28. A continuous string can be thought of as the limiting case of a sys-
tem of N particles (Fig. 10) which are connected by an elastic thread, in
the limit as N - «, a - 0, Na = constant. The Lagrangian for a discrete

system is
N+1

L(qlv <. qN, q.h .. -9‘iN’ t)= Zan(Qm qn—qn-1, 4n, t)9 (q0=qN+lEO)
n =

where g, is the displacement of the nth particle from its equilibrium posi-
tion.

(a) Obtain the equations of motion for a continuous system as the limit-
ing case of the Lagrangian equations of motion for a discrete system.
(b) Obtain an expression for the energy of a continuous system as the
limiting case of the expression for the energy of a discrete system.
Hint: Introduce the coordinate x of a point on the string together
with the expressions obtained as a result of taking the limit as a - O,
n=x/a- :

-1 oq T gn(t) —gn_1(t)
q(x, t) = lim gn(t), ax = llm——a——

’

0 ( aq aq , t) = lim Ln(Qm 4n —qn-b‘imt) .

%4 B B a

4.29. A charged particle moves in a potential U(r) and a constant
magnetic field H(r), where U(r) and H(r) are homogeneous functions of
the coordinates of degrees k and n, respectively, that is, U(ar) = a*U(r),
H{(ar) = o"H(r). Develop for this system the similarity principle, determin-
ing for what value of # it holds.

4.30. Generalise the virial theorem for a system of charged particles
in a uniform magnetic field H. The potential energy U of the system is a
homogeneous function of the coordinates, U(ary, . . .,ar,)=a*U(ry, ..., r,)

and the system moves in a bounded region of space with velocities which
remain finite.

5. SMALL OSCILLATIONS OF SYSTEMS WITH ONE DEGREE OF FREEDOM

5.1. Find the frequency of the small oscillations for particles moving in
the following potentials:

(@) U(x) = Vcosax— Fx;
(b) U(x) = V(x®x2—sin? ax).
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Collection of Problems in Classical Mechanics 5.2

5.2. Find the frequency of the small oscillations for the system depicted
in Fig. 11. The system rotates with an angular velocity £2 in the field of
gravity around a vertical axis.

5.3. A point charge g of mass m moves along a circle of radius R in a
vertical plane. Another charge ¢ is fixed at the lowest point of the circle
(Fig. 12). Find the equilibrium position and the frequency of the small
oscillations for the first point charge.

A
db)
a 6 a
m m
a a
m
Fig 11 FiG. 12

5.4. Describe the motion along a curve close to a circle for a point par-
ticle in the central field U(r) = —a«/r* (0 < n < 2).

5.5. Find the frequencies of the small oscillations of a spherical pendu-
lum (a particle of mass m suspended from a string of length /), if the angle
of deflection from the vertical oscillates about the value 0.

5.6. Find the correction to the frequency of the small oscillations of a
diatomic molecule due to its angular momentum M.

5.7. Determine the eigen-oscillations of the system shown in Fig. 13
for the case when the particle moves (a) horizontally, and (b) vertically.

How does the frequency depend on the tension in the springs in the
equilibrium position?

7,

FiG. 13
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5.10 Problems
5.8. Find the eigen-oscillations of the system in Fig. 14 in a uniform field
of gravity for the case when the particle can only move vertically.

5.9. Find the stable small oscillations of a pendulum when its point of
suspension moves uniformly along a circle of radius R with frequency 2
(Fig. 15). The pendulum length is / (/ > R).

Fi6. 15

—o U ©
F1G. 16

5.10. Find the stable oscillations in the voltage across a capacitor and
the current in a circuit with an e.m.f. U(¢) = U, cos wt (Fig. 16).
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Collection of Problems in Classical Mechanics 5.11

5.11. Describe the motion with friction of an oscillator which initially
is at rest and which is acted upon by a force F(f) = F cos yt.

5.12. Determine the energy E acquired by an oscillator under the action
of a force F(f) = Fe~“" during the total time it acts

(a) if the oscillator was at rest at 1 = — oo;

(b) if the amplitude of the oscillator at # = — «~ was a.

5.13. Describe the motion under the action of a force F(r)
(a) of an unstable system described by the equation

X —plx = ’L F(1);

(b) of an oscillator with friction:

~

%420k +odx = "n F(o).

5.14. Find the differential cross-section for an isotropic oscillator to be
excited to an energy ¢ by a fast particle (E > V') if the interaction between
the two particles is through the potential U(r) = Ve—*"*. The energy of
the oscillator is zero initially.

5.15. An oscillator can oscillate only along the z-axis. Find the differen-
tial cross-section for the oscillator to be excited to an energy ¢ by a fast
particle (E > V), if the interaction between the particles is through the
potential U(r) = Ve~"*. The particle moves along the z-axis with velo-
city v.., and the initial energy of the oscillator is &o.

5.16. A force F(¢), for which F(— =) = 0, F(=) = Fy, acts upon an
harmonic oscillator. Find the energy gained by the oscillator during the

total time the force acts, and the amplitude of the oscillator as t— + o, if
it were at rest at # = — oo,

5.17. Find the energy acquired by an oscillator under the action of the
force

F(t)=1Fee™, t<0; F(t)= LF(1—e%), t=>0.

At t = — oo the energy of the oscillator was Ej.

5.18. Estimate the change in the amplitude of the vibrations of an oscil-
lator when a force F(¢) is switched on slowly and smoothly over a period
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5.19 Problems

T so that wt > 1. Assume F(t)=0 for ¢ < 0, F(¢f) = F, for t = 7, while
FOXf) ~ Fo/t* (k=0,1,...,n+1) for 0 < t < 7 and F¢X0) = FU)(7)
=0(s=1,2,...,n—1), while the nth derivative of the force has a dis-
continuity at # = 0Oand at ¢z = 7.

5.19. Find the stable oscillations of an oscillator which is acted upon by
a periodic force in the following two cases:

(@) F(t) = (t/r—n)F, when nt =t < (n+ 1)t (Fig. 17);

(b) F(f) = (1—e~*")F, t' = t—nt, when nt =t < (n+1)r (Fig. 18).

T 27
Fic. 17
[3
T 2t !
FiG. 18
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Collection of Problems in Classical Mechanics 5.19

(¢) Find the stable current through the circuit of Fig. 16 in which
there is an e.m.f. U(f) = V(t/t—n) for nt = t < (n+1)r. The internal
resistance of the battery is zero.

5.20. An oscillator with eigen-frequency wo and with a friction force
acting upon it given by f;, = —2mAx has an additional force F(f) acting
upon it.

(a) Find the average work done by F(#) when the oscillator is vibrating
in a stable mode for the case when

F(t) = f1cos ot +f5cos 2wt.

(b) Repeat the calculations for the case when

4+ oo
F(t)y= Y a."™, a_,=ap

n=—oco

(c) Find the average over a long time interval of the work done by the
force

F(t) = fi1cos wit+ f2cos wat,

when the oscillator performs stable vibrations.

(d) Find the total work done by the force

+oo
F(1) =j W) et do, P(—0) = y*@)

for the case where the oscillator was at rest at t = — .

6. SMALL OSCILLATIONS OF SYSTEMS WITH SEVERAL DEGREES OF FREEDOM

6.1. Find the normal oscillations of the system of Fig. 19 for the case
when the particles can move only vertically.

6.2. Three masses which are connected by springs move along a circle
(Fig. 20). The point A is fixed. Find the eigen-vibrations of the system.
Find the normal coordinates and express the Lagrangian in terms of
those coordinates.
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6.5 Problems

6.3. Find the eigen-vibrations of a system described by the Lagrangian
L= $(2+59) — (@b + o).

What is the trajectory of a point with Cartesian coordinates x, y?
6.4. Find the normal coordinates of the systems with the following

Lagrangians:
(@) L = 3(3%+%) — (@} + wdy?) +axy;
(b) L = $(mus®+ may®) + By 5 (x2+57).

6.5. Find the eigen-oscillations of a system of coupled circuits (Figs.
21a and b).

0
(]
—

(8) (b)
FIG. 21
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Collection of Problems in Classical Mechanics 6.6

6.6. Find the normal coordinates of a system of particles which are con-
nected by springs (Fig. 22). The masses can move only along the straight
line AB. Find the eigen-vibrations of the system.

Y
 AMWWWWWWWWWWWWWWWWWWWWWWWAWWWWYWWWAWWWWVE B
Z X * x5 b
Z
FiG. 22

NN
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3
NNENN

FiG. 23

6.7. Find the eigen-vibrations of the system of Fig. 23 where the par-
ticles can move only along the straight line AB

(a)ifat t = 0 one of the particles moves with velocity » while the second
particle is at rest and the displacements from the equilibrium posi-
tions of both particles are zero;

(b)ifat ¢t = 0 one of the particles is displaced from its equilibrium posi-
tion over a distance a, while the other is at its equilibrium position
and both particles are at rest.

6.8. Determine the flux of energy from one particle to the other in the

preceding problem.

6.9. Find the eigen-vibrations of the system of Fig. 23 if each of the
particles is acted upon by a frictional force which is proportional to its
velocity.

6.10. Find the eigen-oscillations of three identical particles which are
connected by identical springs and which move along a circle (Fig. 24).

Determine the normal coordinates which reduce the Lagrangian to a
sum of squares.

6.11. Find the normal vibrations of the system of particles considered in
the preceding problem, if at # = 0 one of the particles is displaced from its
equilibrium position. The initial velocities are zero.

6.12. Find the normal coordinates of a system of four identical particles
moving along a circle (Fig. 25).
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6.13 Problems

Fi1G. 25

6.13. Find the eigen-vibrations of the system of particles of Fig. 26 such
that the particles do not move out of the plane of the figure. All particles
and springs are identical. The tensions in the springs at equilibrium are
equal to f = xl, where [ is the equilibrium distance between the masses.

3° 27



Collection of Problems in Classical Mechanics 6.14

N N

NN\ NN N
FiG. 26

6.14. Consider a system with Lagrangian

1 > 1
L= ?Z;m;,x,-xj—giz;x,-jx,-x,, m;; = mj;, 2y = Hji.
i, s

Let their eigen-oscillations be given by the equations
x(t) = AP cos (ot +g)).

Prove that the amplitudes corresponding to oscillations with different
frequencies w; and w, satisfy the relations

T APmyAP = T APy AP = 0.

6.15. (a) Find the eigen-vibrations of the system of Fig. 27. All particles
and springs are identical. The tension in the springs at equilibrium is
f = =, where [ is the equilibrium distance between the particles.

(b) Find the eigen-vibrations of the system of four identical particles of
Fig. 27 for the case where the mass of particle 5 is put equal to zero. The
elasticity coefficients and the tensions at equilibrium are the same as
before.

28



6.16 Problems

Fi1G. 27

Hint for both (a) and (b): several of the eigen-vibrations are obvious.
The determination of the others can be simplified by using the relations of
the preceding problem.

6.16. Find the eigen-vibrations of the system of particles of Fig. 28a;
the particles move along a circle.

AN
FiG. 28a
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Collection of Problems in Classical Mechanics 6.17

M

FIG. 28b

6.17. Find the eigen-vibrations of a system of four particles moving
along a circle (Fig. 28b). All springs are identical and the masses of par-
ticles 1 and 3 are m, while those of particles 2 and 4 are M.

6.18. Which of the eigen-vibrations of the system of Fig. 24 remain
practically unchanged when the following small changes are made in the
system:

(a) the elasticity of the spring AB is changed by a small amount dx;

(b) a small mass ém is added to particle C;

(c) a small mass dm; is added to particle C and dm; to particle B?

6.19. Describe the eigen-vibrations of the system of the preceding prob-
lem for the cases (a) and (b) if initially the particles A and C are displaced
over equal distances in opposite directions so as to decrease their mutual
distance. All velocities are initially zero.

6.20. Find the eigen-vibrations of the system of Fig. 25 which are prac-
tically the same as the eigen-vibrations of the system which is obtained
(a) by adding identical small masses to particles A and B;

(b) by changing the elasticity coefficients of the springs AB and CD by
equal amounts;

(c) by adding an extra mass to particle A.

30



6.25 Problems

6.21. The masses A and C of the system described in problem 6.20(b)
are at time ¢ = 0 displaced by the same amount from their equilibrium
positions in opposite directions so as to decrease their distance apart. Ini~
tially all velocities are equal to zero. Describe the eigen-vibrations of the
system.

6.22. Determine the eigen-vibrations of the system of Fig.27 ifat ¢t = 0
the masses 1 and 4 are displaced over equal distances in the horizontal
direction in such a way that their distance apart decreases. At ¢t = 0 the
velocities of all particles are equal to zero. The tension in the springs is
f==xly, 1-11 <1, where [ is the equilibrium distance between the par-
ticles (compare problem 6.21).

6.23. Determine the eigen-vibrations of an anisotropic charged harmo-
nic oscillator moving in the potential U(r) = zm(wix?+w}y®+w3z?) and
in a uniform magnetic field H which is parallel to the z-axis. Consider in
particular the following limiting cases:

(@) |og| < |o1—w2|;

(b) log| > @y, 93

(€) w1 = w2 > |wyl,

where wy = eH/mc.

6.24. Determine the eigen-vibrations of an anisotropic charged harmonic
oscillator moving in a potential U(r) = 1m(wix?>+ 0}y’ +w3z®)andin a
weak magnetic field H = (H,, 0, H,), considering the effect of the mag-
netic field to be a small perturbation.

6.25. A mathematical pendulum is part of an electric circuit (Fig. 29).
A constant, uniform magnetic field H is applied at right angles to the
plane of the figure. Find the eigen-vibrations of this system.

.
P c

| —

®H

F1G. 29
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Collection of Problems in Classical Mechanics 6.26

6.26. Find the stable oscillations of the system of particles of Fig. 19,
if the point of suspension A moves vertically according to the equation

(a) acos wt;
(b) a(?) = a(%—n) for nt=t<@n+1).

Plot a diagram of the frequency-dependence of the amplitude of the
vibrations for the case (a). What is the change in the diagram when there
is friction present?

6.27. Determine the stable oscillations of the system of Fig. 23 if the
point A moves according to the relation a cos wt.

6.28. Determine the stable oscillations of the mass m in Fig. 30 moving
ina variable uniform field described by the potential U(r) = — (F(¢)-r) for
the following cases:

(a) F(t) = Focos wt;

(b) the vector F rotates with constant absolute magnitude with a
frequency o in the plane of the figure.

FiG. 30

6.29. Find the stable oscillations of a system of two particles which
move along a circle (Fig. 31) for the case when the point A moves along
the circle according to the relation a cos wt. Study the way the amplitude
of the oscillations depends on the frequency of the applied force.

6.30. Find the stable oscillations of the system of particles of Fig. 20
for the case when the point A moves along the circle according to the rela-
tion a cos wt.
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6.32 Problems

v VAVAY

Fic. 31

6.31. We can write the stable oscillations of a system described by the

Lagrangian
L = -;— Z m,,fc,-)'c,- —% 2 XijXiXj+ Z Xxifi cos wt
i,j i, J i

in the form
x(1) = Y A0AP cos wt
7

(see problem 6.14). Why ?
Express the coefficients A in terms of the f; and the 4.
Study the w-dependence of the A1),
Show that A = 0, if } f,4{ = 0 for the sth oscillation.

6.32. The system of particles of Fig. 32 is symmetric with respect to
the line CD.

|
|
I
O ey O
|
|

FiG. 32

33



Collection of Problems in Classical Mechanics 6.32

(a) Show that if the eigen-oscillations of the system are non-degenerate,
the amplitudes of the oscillations of the different particles are distributed
either symmetrically or antisymmetrically with respect to the centre.

(b) Show that if there is degeneracy, one can always choose the normal
oscillations such that they are either symmetrical or antisymmetrical.

6.33. Show that if the points A and B (Fig. 33) move symmetrically or
antisymmetrically, several of the eigen-vibrations of the system of Fig. 33
will not be excited.

6.34. Use symmetry considerations to find the vectors of the normal
vibrations of the system of particles of Fig. 26.

6.35. Find the stable oscillations of the system of Fig. 23, if the point
A moves according to a cos wt. Assume that there are frictional forces
acting upon the particles proportional to their velocities.

6.36. Describe the motion of the system of Fig. 22 if at # = O the par-
ticles are at rest at their equilibrium positions while the point A moves
according to a cos wt. Take the masses to be equal (my, = my = m).

6.37. Determine the eigen-vibrations in a plane of a molecule which has
the shape of an equilateral triangle. Assume that the potential energy
depends only on the distances between the atoms and that all atoms are
the same. The angular momentum is equal to zero up to terms of first
order in the amplitude of the oscillations.

6.38. Use symmetry arguments to determine the degree of degeneracy of
various frequencies for the case of a “molecule” consisting of four iden-
tical atoms which has the form of a regular tetrahedron at equilibrium.

7. OSCILLATIONS OF LINEAR CHAINS

Chains of particles connected by springs are the simplest model used in
the theory of solids (see, for example, Wannier, 1959, or Kittel, 1968). The
electrical analogues of such lines are r.f. lines employed in radio engineer-
ing.

7.1. Determine the frequencies of the normal oscillations of a system of
N identical particles with masses m connected by identical springs with
elastic constants » and moving along a straight line (Fig. 33a).

Hint: Express the normal oscillations in terms of standing waves.

7.2. Repeat this for the system of Fig. 33b with one free end.
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7.7 Problems
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7.3. Find the eigen-vibrations of N particles which are connected by
springs and which can move along a circle (Fig. 33c). All particles and the
elastic constants of all springs are the same. Check that if the motion is
that of a wave travelling along the circle, the energy flux equals the pro-
duct of the linear energy density and the group velocity.

7.4. Determine the frequencies of the eigen-vibrations of a system of
particles moving along a straight line for the following cases (take the hint
of problem 7.1 into account):

(a) 2N particles, alternating with masses m and M connected by springs
of elastic constant » (Fig. 33d);

(b) 2N particles of mass m connected by springs with alternating elastic
constants » and K (Fig. 33e);

(c) 2N+1 particles of mass m connected by springs with alternating
elastic constants » and K (Fig. 33f).

7.5. (a) Determine the eigen-vibrations of the system of Fig. 33a if the
point A moves according to a cos wt.

(b) Do the same for the system of Fig. 33b.
7.6. Do the same for the system of Fig. 33d.

7.7. Determine the eigen-vibrations of a system of N particles which
move along a straight line for the following cases:

@m=ms=my,i=1,2,...,N—1,; the elastic constants of all the
springs are the same (Fig. 34). Discuss the cases when my > m and
my < m;

(b) % =% = xy,.1, i =1,2,...,N; all the masses are the same
(Fig. 35).

Study the cases when %, , > » and when x5, < x.
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Fia. 35

7.8. Consider an elastic rod to be the limiting case of the system of N
particles of Fig. 33a in the limit as N e, @ - 0, m -~ 0, where m and a
are, respectively, the mass of the particles and the distance between neigh-
bouring particles at equilibrium, while Na and Nm are kept constant.
Write down the equations of motion for the oscillations of the rod as the
limiting case of the equations of motion of the discrete system.

Hint: Introduce the coordinate of a point of the rod at equilibrium
& = na and consider the following quantities

XE 1) = lim xn(t), X = lim ¥ =X®)
a—-0 85 a-»0 a
7.9. Write down the equations of motion for the oscillations of the rod
of the preceding problem, taking into account the first non-vanishing cor-
rection due to a finite distance a between neighbouring particles.

8. NON-LINEAR OSCILLATIONS

8.1. Determine the distortion in the oscillations of a harmonic oscillator
which is caused by the presence of anharmonic terms in the potential
energy for the following cases:

(@) 68U = tmpBxt;

(b) 6U = ymax®.

8.2. Determine the distortion in the oscillations of a harmonic oscillator
which is caused by the presence of an anharmonic term, 6T = Jmyxx2,
in the kinetic energy.

8.3. Determine the anharmonic corrections to the oscillations of a pen-
dulum whose point of suspension moves along a circle (Fig. 15; R < /).

8.4. Determine the oscillations of a harmonic oscillator when there is a
force f1 cos w17+ f2 cos wet acting upon it, taking anharmonic corrections
into account for the case when 6U = Jmax>.
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8.8 Problems

8.5. Find the amplitude of the stable oscillations of an anharmonic
oscillator which satisfy the equations of motion

X+ 2%+ wix+px® = f cos wt

(a) in the resonance region, | —we| < Wo;
(b) in the region where there is resonance with the tripled frequency of
the force, | 3w —wo| < o (frequency tripling).

8.6. (a) Determine the amplitude and phase of the stable vibration of a
harmonic oscillator under conditions of parametric resonance:

X+42A% + w3(1+h cos 2wt )x+x3= 0
(h < 1, { W —Wq l << Wo, ,B”Zx < (Do).

(b) Determine the amplitude of the third harmonic in the stable vibra-
tion.

8.7. Determine the vibrations of the harmonic oscillator
X+wd(l+hcos2mw)x =0, h<l, |w—wel <we

(a) in the region where instability for parametric resonance occurs;
(b) close to the region of instability.

8.8. Let the frequency of a harmonic oscillator w(?) change as is indi-
cated in Fig. 36. Find the region ‘where instability against parametric
resonance OCcurs.

w(t)

W, - - - - - ____|___
W,

Ak - — == - - -

27 3t 4T

FiG. 36
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8.9. Find the frequency of the small vibrations of a pendulum whose
point of suspension performs vertical oscillations with a high frequency

(2> +/gll)
8.10. Find the effective potential energy for the following cases:
(a) a particle of mass m moving in the potential

a [~
U(r) = —
") |r—acoswt| |r+acosot|’

r>a;
(b) a harmonic oscillator moving in the potential
a-r) cos wt
U(r) = (@:r) cos ot - .
8.11. Determine the motion of a fast particle entering the potential field
U(r) = A(x2—y?)sin kz at a small angle to the z-axis (k2E > A).

9. RIGID-BODY MOTION. NON-INERTIAL COORDINATE SYSTEMS
9.1. At the vertices of a square with side lengths 2a masses m and M are
located (Fig.37a). Find the components of the moments of inertia tensor
(a) relative to the x-, y-, and z-axes;

(b) relative to the x'- and y’-axes which are the diagonals of the square.
\

\4 Yy’
m y m
M
m M
x 2b 4a
M 2a m
X 2a
M m —p—
m 2m X
X’
@) ) ©
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9.2. Find the principal axes and the principal moments of inertia for the
following systems:

(a) masses m and M at the vertices of a rectangle with side lengths 2a
and 2b (Fig. 37b);
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9.7 Problems

(b) masses m and 2m at the vertices of a right-angled triangle with side
lengths 2a and 4a (Fig. 37c).

9.3. Give an expression for the moment of inertia J, with respect to an
axis parallel to a unit vector n and passing through the centre of mass in
terms of the components of the moment of inertia tensor.

9.4. Determine the principal moments of inertia of a sphere of radius R
inside of which there is a spherical cavity of radius r (Fig. 38).

FiG. 38

9.5. Express the components of the mass quadrupole moment tensor,
Dy = J Q(3x,xk —rza,k) d’r

(o is the density), in terms of the components I, of the moment of inertia
tensor.

96 Determine the frequency of the small vibrations of a uniform
hemisphere which lies on a smooth horizontal surface in the field of
gravity.

9.7. A particle moving parallel to the y-axis with a velocity v and with
impact parameters g; and g2 is incident upon a uniform ellipsoid with
semi-axes a, b (= a), and ¢ (Fig. 39), and sticks to it. Describe the motion
of the ellipsoid assuming its mass to be much larger than that of the par-
ticle.
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Fi1G. 39

9.8. An isotropic ellipsoid of revolution of mass m moves in the gravita-
tional field produced by a fixed point of mass M. Use as generalised coor-
dinates the spherical polar coordinates of the centre of mass and the Euler
angles and determine the Lagrangian of this system. Assume the size of the
ellipsoid to be small compared to the distance from the centre of the field.

Hint: The potential energy of the system is approximately equal to

_ o*p(R)
UGR) = mp(R)+ 2 Doy ox,
where R = (X1, X2, X3) is the radius vector of the centre of the ellipsoid,
D.; the mass quadrupole moment tensor (see problem 9.5), and g(R)
= —yM/R s the potential of the gravitational field (compare Landau and
Lifshitz, 1962, § 41).

9.9. Write down the equations of motion for the components of the an-
gular momentum along moving coordinate axes which are chosen to lie
along the principal axes of the moment of inertia tensor.

Integrate these equations for the case of the free motion of a symmetric
top.

9.10. Use the Euler equations to study the stability of rotations around
the principal axes of the moment of inertia tensor of an asymmetric top.

9.11. (a) A plane disk, symmetric around its axis, rolls over a smooth
horizontal plane without friction. Find its motion in the form of quadra-
tures.

40



9.14 Problems

Answer in detail the following questions:

Under what conditions does the angle of inclination of the disk to the
plane remain constant ?

If the disk rolls in such a way that its axis has a fixed (horizontal)
direction in space, at what angular velocity will the rotation around this
axis be stable?

If the disk rotates around its vertical diameter, at what angular velocity
will the motion be stable ?

(b) A disk rolls without slipping over a horizontal surface. Find the
equations of motion, and answer for this case the same questions as
under (a).

(c) Repeat this for a disk which rolls without slip over a horizontal
plane, without rotation around a vertical axis.

(d) A disk rotates, without slipping, around its diameter which is at
right angles to an inclined plane, which makes a small angle « with the
horizontal, on which the disk is placed. Find the displacement of the
disk over a long time interval.

9.12. (a) Find in terms of quadratures the law of motion of an inhomo-
geneous sphere which is slipping without friction on a horizontal plane.
The mass distribution is symmetric with respect to the axis passing through
the geometric centre and the centre of mass of the sphere.

Study the effect of small dry friction forces for the case when the motion
of the sphere, if the dry friction forces are neglected, would be such that
the angle between the vertical and the axis of symmetry remained con-
stant.

(b) Find the equations of motion for the sphere of (a) if it rolls without
slipping over a horizontal plane.

(c) Find the equations of motion of this sphere for rolling without slip-
ping down an inclined surface.

9.13. A particle is dropped from a height 4 with zero initial velocity.
Find its displacement from the vertical in the directions of the West and
the South.

9.14. A particle moves in a central field potential U(r). Find the equa-
tion for its trajectory and describe its motion in a coordinate system which
is rotating uniformly with an angular velocity £ parallel to its angular
momentum M.

1 This means that the cohesion of the disk to the plane at the point of contact is so

firm that the area of contact neither slips not rotates. The energy loss due to rolling
friction can be neglected.
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FiG. 40

9.15. Find the small oscillations of a mass m which is fastened to a
frame by springs with elastic constants »; and x,. The frame rotates in its
own plane with an angular velocity £ (Fig. 40). The mass moves in the
plane of the frame.

9.16. Determine the eigen-oscillations of the three-atomic molecule
described in problem 6.37 for the case where its angular momentum M is
non-vanishing. Consider the case where the angular momentum is at right
angles to the plane of the molecule and where the angular velocity £ is
small: Q < 1/x/m, where  is the elastic constant of the binding.

10. THE HAMILTONIAN EQUATIONS OF MOTION

10.1. Let the Hamiltonian H of a system of particles be invariant under
an infinitesimal translation (rotation). Prove the linear (angular) momen-
tum conservation law.

10.2. Use the Euler angles to find the Hamiltonian of a symmetric top
for the case when there is no external field acting on the top.

10.3. Determine the Hamiltonian of an anharmonic oscillator, if the
Lagrangian is given by the equation

L = 332 —{0x? —ax®+ Bxx?2.
10.4. Describe the motion of a particle with a Hamiltonian
H(p, x) = 3p*+ 303 + A3 p* + 30X
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10.7 Problems
10.5. Find the equations of motion for the case when the Hamiltonian
is of the form (a beam of light)

_clpj
H@.n) = ip vy

Determine the trajectory for the case when n(r) = ax.

10.6. Find the Lagrangian for the case when the Hamiltonian is

_ 2. - :
(@) H(p, r) = L (a-p), a = constant;

°p
b) H(p, r) = .
®) H(p, r) = -
10.7. Describe the motion of a charged particle in a uniform magnetic
field H by solving the Hamiltonian equations of motion; take the vector
potential in the form 4, = xH, A, = A, = 0.

In problems 10.8 to 10.12 we are dealing with the motion of electrons
in a metal or semiconductor. Electrons in a solid form a system of parti-
cles which interact both with themselves and with the ions which form the
crystalline lattice. Their motion is described by quantum mechanics. In
solid state theory one is often able to reduce the problem of many inter-
acting particles which form the solid to the problem of the motion of
separate free particles (the so-called quasi-particles: electrons or holes,
depending on the sign of their charge) for which, however, the momentum
dependence &(p) (“dispersion law”) of the energy is complicated. In many
cases it turns out that it is possible to consider the motion of the quasi-
particles using classical mechanics. The function &(p) is periodic with a
period which is equal to the period of the so-called reciprocal lattice.}
Otherwise one can assume that e(p) has an arbitrary form.

t For instance, for “holes” in germanium and silicon crystals
1
(p) = {Ap* L [B%p*+ C*(pip;+pypi+Pi D)%)/ 2m,

where the coordinate axes are chosen to coincide with the crystal symmetry axes,
m is the electron mass, and the constants A, B, and C have the values

| 4 | B | c
Ge —13.1 83 | 125
si —4.0 1.1 ‘ 41

1 For instance, for a crystal the lattice of which has a smallest period a in the x-
direction, we have &(p,, p,, p,) = &(p.+2nh/a, p,, p,), where 2nh is Planck’s constant
(A is Dirac’s constant).
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10.8. Obtain the equations of motion using the Hamiltonian H(P, r) =
e(P —(e/c)A) +ep (the electron charge e is taken to be negative).

Hint: Introduce the electron quasi-momentum p = P—(e/c)A.

10.9. It is well known that &(p) is a periodic function of p with a period
which is equal to that of the reciprocal lattice, multiplied by 2n#; for in-
stance, for a simple cubic lattice with lattice constant a, the period of &(p)
is equal to 27h/a.

Describe the motion of an electron in a uniform electric field E.

10.10. Determine the integrals of motion of an electron moving in a
solid in a uniform magnetic field. What does the “orbit” in momentum
space look like?

10.11. Prove that the projection of an electron orbit in a uniform mag-
netic field onto a plane at right angles to H in coordinate space can be
obtained by rotation and change of scale of the orbit in momentum
space.

10.12. Express the period of revolution of an electron in a uniform mag-
netic field in terms of the area S(E, py;) of the section cut off by the plane
pu = (p-H)/H = constant of the surface ¢(p) = E in momentum space.

11. PoissoN BRACKETS. CANONICAL TRANSFORMATIONS
11.1. Evaluate the Poisson brackets

(@) {Mi, x;}, {Mi,pj}, {Mi, Mj};
(b) {(a 'p)9 (b ")}’ {(a 'M)’ (b °l')}, {(a’M)9 (b 'M)} 5
© (M, (r-p)}, {p,r"}, {p,(a-r)?});

where x;,p;,and M;are the Cartesian components of the vectors r, p, and
M, while a and b are constant vectors.

11.2. Evaluate {4;, 4;} where

4y = T034pE—y2—pY), Ay = (X +p.py)
Ay = 3(xp, —ypy), Ay = X34y 4 pi+p}.
11.3. Evaluate {M;, A;} and {1, A;} where A, = x;x,+p;py..
11.4. Show that {M,, ¢} = 0 where ¢ is an arbitrary function of the
coordinates and momenta of a particle.
Show also that {M,, f} = [kA f], where f is a vector function of the

coordinates and momenta of a particle and k the unit vector along the
Z-axis.
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11.13 Problems

11.5. Evaluate the Poisson brackets {f, (a-M)} and {(f-M), (I-M)},
where f'and / are vector functions of r and p while a is a constant vector.

11.6. Evaluate {M;, M.}, where M, and M, are the components of the
angular momentum along the Cartesian (- and £-axes which are fixed in a
rotating rigid body.

11.7. Write down the equations of motion for the components of the
angular momentum along the axes fixed in a freely rotating rigid body.
The Hamiltonian is of the form

H= 3 zp(l_l)aﬂMaMﬂ~

11.8. Write down the equations of motion for the vector M (M =
[r AP], where P is the generalised momentum), for the case when the
Hamiltonian is H = —y(M-H)+ P%/2m, where y and H are constant.
This Hamiltonian is equal to the energy of a magnetic moment yM in a
magnetic field H.

11.9. Evaluate {v;, v;} for a particle in a magnetic field.

11.10. Prove that the value of any function f( p(¢), g(#)) of the coordi-
nates and momenta of a system at time ¢ can be expressed in terms of
the values of the p and g at t = 0 as follows:

£, a@) = fort L H, o+ S (B (L )+

where f, = f(p(0), ¢(0)) while H = H(p(0), g(0)) is the Hamiltonian. As-
sume that the series converges.

Apply this formula to evaluate p(?), q(¢), p*(?), and ¢%(¢) for the follow-
ing cases:

(a) a particle moving in a uniform field of force;

(b) a harmonic oscillator.

11.11. Evaluate o(?) for the case of a particle moving in a uniform mag-
netic field using the results of problems 11.9 and 11.10 and writing the
Hamiltonian in the form H = Lmo?.

11.12. Prove by direct calculation that the Poisson brackets are invari-
ant under canonical transformations.

11.13. Determine the canonical transformations defined by the follow-
ing generating functions:

(a) F(qs Q’ t) = %in(t) q2 cot Q
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Write down the equations of motion of a harmonic oscillator with fre-
quency w(?) in terms of the variables Q and P;
2

®) F6,0,0) = g mo[ g~ 0] cot 0
Write down the equations of motion for a harmonic oscillator which is
acted upon by a force F(?) in terms of the variables Q and P.

11.14. Determine the generating function ¥(p, Q) which produces the
same canonical transformation as the generating function F(g, P) = g%e”.

11.15. What is the condition that a function @(gq, P)can be used as a
generating function for a canonical transformation ?

Consider in particular the example @(q, P) = ¢*+ P2.

11.16. Prove that a rotation in ¢, p-phase space is a canonical transfor-
mation for a system with one degree of freedom.

11.17. Consider the small oscillations of an anharmonic oscillator with
Hamiltonian

H = 1p2+1o?x? +ax3+ fxp?

under the assumption that ax < w?, fx < 1.

Find the parameters a and b for the canonical transformation produced
by the generating function® = xP+ ax?P+ bP® such that the new Hamil-
tonian does not contain any anharmonic terms up to first-order terms in
o«Q/w? and Q. Determine x(f).

11.18. Determine the parameters a and b for the canonical transforma-
tion produced by the generating function @ = xP+ ax3P+ bxP® in such a
way that the small oscillations of an anharmonic oscillator described by
the Hamiltonian

H = 3p*+3ofx®+ fxt
can be reduced to harmonic oscillations in terms of the new variables Q
and P. Neglect terms of second order in 8Q2/w? in the new Hamiltonian.

11.19. Prove that the following transformation is canonical:
x = X cos 2+£”—sin A, y = Ycos 2+&sin A,
mow mw

Px = —mowYsin A+P,cosd, p,=—mw Xsin A+P, cos A.
Determine the new Hamiltonian H'(P, Q), if the old Hamiltonian is

2 2 ]
H(p,q) = p—"z%pl + 5 M+ y?).

.
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(Compare problem 11.29.) Describe the motion of a two-dimensional har-
monic oscillator for which Y = P, = 0.

11.20. Use the transformation of the preceding problem to reduce the
Hamiltonian of an isotropic harmonic oscillator in a magnetic field
described by the vector potential 4 = (0, Hx, 0) to a sum of squares and
determine its motion.

11.21. Use a canonical transformation to diagonalise the Hamiltonian
of an anisotropic charged harmonic oscillator with potential energy

U®) = fmodxt+ o+ i)

which is situated in a constant uniform field determined by the vector po-
tential 4 = (0, Hx, 0).

11.22. Apply the canonical transformation of problem 11.19 to pairs
of normal coordinates corresponding to standing waves in the system of
particles on a circle considered in problem 7.3 to obtain the coordinates
corresponding to travelling waves.

11.23. Prove that the following transformation is a canonical one:

x= \/—1”—;(\/2—1”1 sin Q1+ Py), y= \—/1—(\/21’1 cos 01+0s),

mao
Px=% Vmo(V2P1c0s01~Q1), p, = 3 V'mw(—4/2Pisin Q1+ Ps)-

Find the Hamiltonian equations of motion for a particle in a magnetic
field described by the vector potential 4 = (— 1yH, 1xH,0) in terms of
the new variables introduced through the above transformation with
o = eH[mc.

11.24. What is the meaning of the canonical transformations produced
by the generating function (g, P) = aqP?

11.25. Prove that a gauge transformation of the potentials of the electro-
magnetic field is a canonical transformation for the coordinates and mo-
menta of charged particles, and find the corresponding generating func-

tion.
11.26. It is well known that replacing the Laplacian L(g, 4, #) by
oo . df(g, t
LG &0 = L 4,0+ T2D

where f(q, ) is an arbitrary function, leaves the Lagrangian equations of
motion invariant. Prove that this transformation is a canonical one and
find its generating function.
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11.27. Find the generating function for the canonical transformation
which consists in changing ¢(r) and p(¢) to Q(¢) = g(t+7) and P(f) =
p(t+7), where 7 is constant for the following cases:

(a) a free particle;

(b) motion in a uniform field of force, U = — Fg;

(c) a harmonic oscillator.

11.28. Discuss the physical meaning of the canonical transformations
produced by the following generating functions:

(@ &(r,P)=(r-P)+(8a-P);

(b) D(r,P) = (r-P)+(@e-[rAP]);
(c) D(q, P,t) = qP+dtH(q, P, 1);
(d) &(r,P) = (r-P)+(r*+ P?)éa,

where r is the Cartesian radius vector while 8a, 8¢, 67, and d« are infini-
tesimal parameters.

11.29. Prove that the canonical transformation produced by the gener-
ating function ?(x, y, P, P,) = xP,+yP,+e(xy+P,P,) with ¢ -0is a
rotation in phase space.

11.30. Write down the generating functions for the infinitesimal canon-
ical transformations corresponding to

(a) a screw motion;
(b) a Galilean transformation;
(c) a change to a rotating system of reference.

11.31. A canonical transformation is produced by the generating func-
tion &(g, P) = qP+AW(q, P), where A —~ 0. Determine up to first-order
terms the change in value of an arbitrary function f(g, p) when we change

arguments: 6f(q, p) = f(Q, P)—f(q, p)-
11.32. For the case when the Hamiltonian is

p | (ar)
H(r,p) = 2;;4- .
determine {H, (r - p)} and use the result to obtain an integral of the equa-
tions of motion. Use the results of problem 11.24. The vector a is con-
stant.
11.33. Determine how the r- and p-dependence of M, p2, (p-r), and
H(r, p, t) change under the canonical transformations of problem 11.28.
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11.36 Problems

11.34. Show that if
{W(q, p), Wag, p)} =0,

the result of applying two successive infinitesimal transformations which
are produced by the generating functions

®iq,P) = qP+AWi(q,P), i=12 A -0,

will be independent of the order in which they are taken, up to and includ-
ing second-order terms.

11.35. Determine the canonical transformation which is the result of
N successive infinitesimal canonical transformations produced by the gen-
erating function @(q, P) = qP+(A/N) W(q, P) for the case where 2 =
constant and N -, while W(q, P) is given by the equations

(@) W(r,P) = ([rAP]-a), a = constant;
(b) W(r, P) = ([rAP]-[rAP]);
(c) W(g, P) = gP.

Hint: Construct—and solve for the different concrete forms of W—
differential equations which Q(2) and P(4) must satisfy.

11.36. (a) What is the change with time in the volume, the volume in
momentum space, and the volume in phase-space which are occupied by
a group of particles which move freely along the x-axis? At ¢ = 0 the
particle coordinates are lying in the interval xo < x < x¢+ 4xo, and their
momenta in the range po < p < po+4Ppo.

(b) Do the same for particles which move along the x-axis between two
walls. Collisions with the walls are absolutely elastic. The particles do not
interact with one another.

(c) Do the same for a group of harmonic oscillators.

(d) Do the same for a group of harmonic oscillators with friction.

(e) Do the same for a group of anharmonic oscillators.

(f) We shall describe the particle distribution in phase space at time ¢
by the distribution function w(x, p, t) which is such that w(x, p, t) dx dp is
the number of particles with coordinates in the interval from x to x+dx
and momenta in the range from p to p+dp. Determine the distribution
function of a group of free particles and of a group of harmonic oscilla-
tors, if at t = 0

_ 1 (x—Xo) (p—Po)?
WX P ) = o dx, dp, e"p{“‘zAxg Y R
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12. THE HAMILTON-JACOBI EQUATION

12.1. Describe the motion of a particle moving in a potential U(r) by
using the Hamilton-Jacobi equation for the following cases:

(@) U(r) = — Fx;
(b) U(r) = 3 m(wix®+ wdy?).

12.2. Describe the motion of a particle which is scattered in the field
of the potential U(r) = (a-r)/r3. Express the equation of the trajectory in
terms of quadratures; express it analytically for the case when Ep? > a,
where ¢ is the impact parameter. Before the scattering the velocity of the
particle is parallel to —a.

12.3. Find the cross-section for the small-angle scattering of particles
with velocities before the scattering antiparallel to the z-axis for the cases
where the scattering is caused by the following potentials:

@ v = 20 ;
) Uy = 20
@ v =22

12.4. Find the cross-section for a particle to fall into the centre of one
of the following force fields with potential U(r):

@ vy = &7

(a-r) .
®) Uy = ED 2
@ v =01,
@ U@r) = i’gl.

Assuming that all directions of a are equally probable, evaluate the
averages of the cross-sections obt ained.
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12.11 Problems

12.5. Find the cross-section for particles to hit a sphere of radius R
placed at the centre of the potential U(r) = (a -r)/r.

12.6. Describe the motion of particles which are scattered by and fall
towards the centre of the potential field in the following cases:

acos

@ U =—"—;

a(l+sin 0)
re '

(b) U(r) =—

Give an expression for the trajectories in terms of quadratures, and also
analytically for the case when Ep? > a. For the case (a) find also an ana-
lytical expression for the case when Ep? < a. The quantity g is the impact
parameter. Take the initial velocity parallel to the z-axis.

12.7. Describe the motion of a particle falling towards the centre of the
potential U(r) = (a - r)/r3 for the case when at infinity the particle moved
along the straight line x = —ztana, y = g, where g is the impact para-
meter. The vector a is along the z-axis and the initial spherical coordinates
of the particle are r =«, 6§ = n—a, ¢ = 0. Express the trajectory in
terms of quadratures, and for the case when a2 < 2Fp?/a <« 1 also ana-
lytically.

12.8. (a) Determine in terms of quadratures the finite orbit of a particle
moving in the potential U(r) = (a-r)/rP*—a/r for the case when M, = 0,
where the z-axis is taken along the direction of a.

(b) Do the same for the potential U(r) = (a-r)/r3+y/r4.

12.9. Under what condition is the orbit in the preceding problem a
closed one?

12.10. Describe qualitatively the motion of a particle in the potential:
U(r) = (ar) «a

r3 r’

12.11. Find the values of M for which the orbits in the following poten-
tials are finite:

bcos20
r2

@ U = L -

(b) U(r) = bcos 0 _a

r
Describe the orbits in both cases.
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12.12. Describe the motion in terms of parabolic coordinates for a par-
ticle moving in the potential U(r) for the following cases:

* .
@ U =-%;

(b) U(r) = ~(F-r).

In the case (b) consider only finite orbits and express the orbit in terms
of quadratures.
12.13. A particle starts from the origin at an angle « to the z-axis
inside a smooth elastic ellipsoid of revolution
x2 y2 22
etagtp=l
Find the region inside the ellipsoid which cannot be reached by the par-
ticle.
12.14. Describe in terms of quadratures the trajectory of a particle
moving in the field of two Coulomb centres,

[+ a
U(r) - ;; - r—2 ’
(see Fig. 41). At infinity the velocity of the particle was parallel to the axis
0,0, z. Describe the motion of a particle falling onto a “dipole” formed

by these centres.

0 0,
F1G. 41

12.15. A short magnetic lens is produced by a field governed by the
vector potential

A, = %H(z), A, = A4, =0,
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13.2 Problems

where H(Zz) is non-vanishing in the interval |z| < a. A beam of electrons
close to the z-axis is incident onto the lens from the point 0,0, zo. Find the
point 0, 0, z; onto which the beam is focused. Assume that | z,|, z; > a.

Hint: Find the solution of the Hamilton-Jacobi equation in the form
of an expansion of S(r, ¢, z, t) in powers of r:

S(r, 9,2, t) = —Et+ @po+f(2)+ry(z) + 3r¥o(2)+ . .. .

12.16. A magnetic lens is produced by a field governed by the vector

potential
A'P = %"H(Z), A, =A.=0,
where
H
HE) = e

A beam of electrons close to the z-axis is incident onto the lens from the
point 0, 0, z,. Find the points where it will be focused.

Hint: Find a solution of the Hamilton-Jacobi equation as an expansion
inr.

12.17. How can one find the action as a function of the coordinates and
the time, if the solution of the Hamilton-Jacobi equation is known?

12.18. Formulate and prove the theorem about integrating the equations
of motion using the complete solution of the equation

GA oS
5;+H(—$, D, t) =0,

where H(g, p, t) is the Hamiltonian (Hamilton-Jacobi equation in the
momentum representation).

12.19. Use the Hamilton-Jacobi equation in the momentum represen-
tation to find the trajectory of a particle moving in a uniform field.

13. ADIABATIC INVARIANTS

13.1. A mass m is suspended from a string which passes through a small
ring (Fig. 42). Determine the average force exerted upon the ring A by the
string when the pendulum performs small oscillations. Find the change in
the energy of the pendulum when the ring is slowly displaced vertically.

13.2. A particle moves in a rectangular potential well of width /. Con-
sider the collisions of the particle with the “wall” of the well to find how
the energy of the particle will change when / is changed slowly.
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v Wy

F1G. 42

13.3. A small ball is jumping up and down on an elastic plate in a lift.
What is the change in the maximum height the ball reaches if the accelera-
tion of the lift is slowly changed ? How does the height vary, if the plate
is raised slowly?

13.4. How does the energy of a particle moving in a potential U(x)
change when the parameters of the potential change slowly for the follow-
ing cases:

_ T

(a) Ux) = cosh?ax
(b) U(x) = Uy tan2ax;
() Ux) = 4|x|"?

Hint: Use the formula (see, e.g., ter Haar, 1964, § 6.2) T = 2n(0I/oE).

13.5. A particle moves down an inclined plane AB (Fig. 43) and is
reflected elastically by a wall at the point A. How does the maximum
height the particle reaches change when the angle « changes slowly ?

FIG. 43
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AN

13.6. A pendulum is placed upon an inclined plane (Fig. 44). How does
its amplitude change, when the angle « is changed slowly ?

13.7. Determine the adiabatic invariants for a mathematical pendulum
for the case when the amplitude of the oscillations is not small.

13.8. (a) Two elastic spherical particles of small radius and with masses
mand M, respectively, (m < M) move along the straight line OA (Fig. 45).
At O the particle mis reflected elastically by a wall. Assume that the velo-
city of the lighter particle at # = 0 is much larger than that of the heavier
particle and determine the motion of the heavier particle averaged over
the period of motion of the lighter particle.

7
%

(b) Two particles of mass M each and one of mass m (m < M) move
along a straight line. The light particle interacts with each of the heavy
ones according to a potential

U ol xr,2—x) ==V, |x1,2—x| < a;
Uy ol x1,2—x1) =0, | X1,2—x| > a,

Fi1G. 44

3

M
L A

F1G. 45

where x; and x, are the coordinates of the heavy particles and x is the
coordinate of the light particle. Describe the motion of the system, if at
t=0

[ %1 ~ [ X2| < |X].
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13.9. Use the method of successive approximations to solve the equa-
tions for P and Q of problem 11.13(a) for the case when the frequency
changes slowly (@ < ®?, & < ww) up to and including terms of first order
in @/w?.

What is the advantage of the variables P, Q over p, q in this case?

13.10 Check that up to terms of first order in ®/w? the expression

qg= w_; exp (if’wdt) satisfies the equation §+w?(f)g = 0, where
0w ~ ojoo < 1.

13.11. A force F(t) acts upon a harmonic oscillator. Find the time-
dependence of the adiabatic invariant 7(f) = (1/2n) §p dq.

Find I(¢) in particular for the following cases:
(@) F(t) = at.

(b) F(t) = Fo sin Qt, 0<r<g—; F(1) = 0, t<0andg-<t.

(c) F(t) = Fo sin2 Q, 0<;<%; F(t) = 0, t<Oand-g-<t.

13.12. Find the connection between the volume and the pressure of a
“gas” consisting of particles which move parallel to the edges and inside
an elastic cube, when the size of the cube changes slowly.

13.13. A particle moves inside an elastic parallelepiped. How does its
energy change

(a) if the size of the parallelepiped changes slowly;
(b) if the parallelepiped rotates slowly ?

13.14. A particle moves inside an elastic sphere, the radius of which
changes slowly. How does its energy change and how does the angle at
which it hits the sphere change?

13.15. Determine the change in the energy and in the trajectory of a
particle in the following cases:

(a) a finite orbit in the potential

v =-t ©0<n<2)

n

when y changes slowly;
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13.23 Problems

(b) a finite orbit in the potential

u(r) = (ar':) +r14,

when p changes slowly.

13.16. The string of a spherical pendulum is slowly shortened. How
does this affect the motion of the pendulum?

13.17. Determine the change in the energy of a particle moving in a
central field potential U(r) when a small extra potential U(r) is slowly
“switched on”.

13.18. Determine the time-dependence of the energy of a system of two
coupled harmonic oscillators with a Lagrangian

L = tm(32+y? —wix? —wdy?+ 2axy),

when w; changes slowly.
What is the change in the orbit of the point x, y?

13.19. Let the coupling between the oscillators in the preceding prob-
lem be small (« <w? ,). Prove that if we are far from degeneracy, where
w1 = we, the adiabatic invariants calculated neglecting the coupling are
conserved, but that they change rapidly when we pass slowly through the
region of degeneracy.

13.20. In which range of frequencies w;(f) will the adiabatic invariants
of the harmonic oscillators in problem 13.19 change sharply, if the coup-
ling is 6U = Bx%?

13.21. Determine the shortest distance a particle approaches the edge of
a dihedral angle « after being reflected elastically from its faces. The angle
at which the particle is incident on one of the faces at a distance / from
the edge is o.

Solve this problem by two methods: either by using a reflection method
and solving it directly, or by using adiabatic invariants assuming that o
and o are small.

13.22. Determine the boundaries of the region in which a particle
moves between two elastic surfaces y = 0 and y = a cosh ax/cosh 2ax.
The particle starts at the origin in the xy-plane at an angle ¢ to the y-axis in
the xy-plane and « and @ are small compared to unity. Also determine
the period of the oscillations along the x-axis.

13.23. What is the change in the radius and the centre of the orbit of a
charged particle moving in a uniform magnetic field which is slowly
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Collection of Problems in Classical Mechanics 13.23

changing its strength. Take the vector potential in one of the following two
forms:

(@) Ax=0, A,=xH(), A.=0;
(b) 4,=4,=0, 4,= 1rH().

Explain why the result depends on the form of 4.

13.24. Calculate the adiabatic invariants for a charged isotropic harmo-
nic oscillator moving in a uniform magnetic field.

13.25. Consider the following cases of the motion of a charged aniso-
tropic harmonic oscillator in a uniform magnetic field. The potential
energy of the harmonic oscillator is of the form

U(r) = $m(@3x®+ wdy? + wiz?),

and the magnetic field is along the z-axis. Take the vector potential in the
form A = (0, xH, 0) and consider the following cases:

(a) Determine the adiabatic invariants for the harmonic oscillator.

(b) Let initially # = 0 and let the trajectory of the orbit fill the rect-
angle | x| =a, |y| = b. Find the motion of the oscillator after the mag-
netic field has slowly increased its strength up to a value which is so high
that oy = eH[mc > o, ,.

(c) Let the magnetic field be weak (<< w; —w) and let the oscillator
originally oscillate nearly along the x-axis. What happens to its motion
when the value of w; decreases slowly to reach a value w; < w, such that
Oy < 0y—;?

13.26. A particle performs a finite motion in a plane at right angles to
a magnetic dipole /. What is the change in the energy of the particle
when the magnitude of M changes slowly ?

13.27. Determine the period of the oscillations along the z-axis of an
electron moving in a magnetic trap. The magnetic field of the trap is sym-
metric with respect to the z-axis and we have H, = 0, H, = H(z), H, =
—3rH'(2). Consider the following two cases:

(@) H@z) = Ho(] + A tanh? %);
(b) H(z) = Ho(l + 22.)
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13.32 Problems

13.28. How does the energy and the period of oscillations of an electron
moving in the magnetic trap of problem 13.27 change when the field para-
meters Ho, A, and a change slowly?

13.29. Determine the change in energy of a particle moving in a central
field potential U(r) when a weak uniform magnetic field H is slowly
“switched on”.

13.30. It is well known that the number of single-valued integrals of
motion is increased when the motion becomes degenerate. Find the inte-
grals of motion for the case where a particle moves in the following poten-
tials:

@ U() = $urt;
(b) U(r) = gmw¥(x2+4y?).
13.31. Find the action and angle variables for the following systems:

(a) a harmonic oscillator;
(b) a particle moving in the potential U(x) = >, x < 0; U(x) = Fx,
x>0

13.32. Use the generating function
S(x, P) = f V' 2m[E = U(x)] dx
1]

to perform a canonical transformation for the case of a particle moving in
the periodic potential

Ux)=0, na<x<(@n+da;
Ux)=V, m+3a<x<@+a, n=0, +1, +2, ...,

for the case when E > ¥V, and where E in the expression for S(x, P) can be
derived as function of P from the equation

P= f * IME=U)] dx.
0
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Answers and Solutions

1. INTEGRATION OF ONE-DIMENSIONAL EQUATIONS OF MOTION

1.1. (a) The energy of the particle E is determined by the initial values
x(0) and x(0). The motion follows from the energy conservation law

Fmx?+ U(x) = E. 1)

When E = 0 the particle can move in the region x = x,: the motion is

infinite (E = E’ in Fig. 46). When E < 0 (E = E"’) the particle moves

in the interval x, = x = x3: the motion is finite. The turning points are
determined from (1) through U(x,) = E:

x1=_1_]nl/M, when E =0,
o E
X1 = —h;—z, when E =0, @
*23= - In A:F\/A(A-lEI) , when E <0O0.
o |E|
From (1) we obtain
m (* dx
= V‘f ViU 3
2 Y0 VE—U(x) ()
whence
xt)=L1n A—+/A(A—|E]) cos (at /2| E [Jm+C) ’
® |E|
when E <0, )
O hen E=0, (9
- o [2 m ]’ when =0,
x(t) = :‘ In V/ A(A+E) cosh (::;t V2Em+C)— A4 . when E= 0. (6)

63



Collection of Problems in Classical Mechanics

1.1
U

X3
T I
X4 | |
X » 1/-

N

-A

FiG. 46

The constants C are determined by the initial values x(0). For example
in (4), when %(0) > 0
A—|E|ex®
VA(A-E])
The turning points (2) are easily found from (4) to (6).

C = arccos

When E < 0 the motion is periodic according to (4) with a period

_myf/m
T el |E|”
When E is close to the minimum value of U(x), Uy, = — 4, that is, when
A—|E| < A, the period

A (1 _ dﬂ)
is nearly independent of E. In that case we can write (4) in the form
4 1 A-|E] (21' )]
lnm+;ln [1—‘/ 4 COS T+C

4 1 ,:17—|E| (th )
lnlEl_a‘/ T cos T+C.

x(t) ~ -

~
=

1
a
1

. ™

a
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13 Answers and Solutions

The particle now performs harmonic oscillations near the point «~! x
In (4/|E|) with an amplitude determined by the difference E— U, and
with a frequency which is independent of the energy. This kind of motion
for an energy close to Uy, occurs in nearly every potential (compare
the discussion in § 1.5).

When E = 0 the particle coming from the right reaches the turning
point x, (see (2)), turns back, and goes to infinity. Its velocity approaches

the value A/2E/m from above.
(b)

x(t) = Z]z_ arsinh [Vl —II—‘I:E sin (at V@+C>],

when FE < 0,
x(t) = j:l arsinh [‘/E+ Vo sinh (at 2—E+C)],
a E m
when FE =0,
x(t) = ;I;i arsinh (at ‘/2%+C), when E =0,

where arsinh x = In (x+1/x2+1) is the inverse of the hyperbolic sine.

©

x(t) = % arcsin [‘/Eon sin (azt Vz(L:ntE)'FC)], E > 0.

Explain why in somg of the formulae two signs occur.
1.2.

X0
1+ x04/24]m

The sign in the denominator is the opposite of that of x(0). To fix our
ideas, let x(0) > 0. When x(0) = 0, the particle reaches infinity after a
time 1/ m/2AxZ. Of course, for real systems the particle only reaches finite,
though long, distances, corresponding to the distance over which the
potential has the given form. When x(0) < 0, the particle asymptotically
approaches the point x = 0.

1.3. Near the turning point U(x) =~ E—(x—a)F, where F = —U’(a),
that is, the motion of the particle can be considered to occur under the

x(t) = xo = x(0).
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Collection of Problems in Classical Mechanics 13

action of a uniform constant force. Assuming that x(0) = a, we get
Fr2
x(t) = 0+W .
The further away from the point of x = a we go, the less accurate this
formula becomes.

It takes a time T oc s to traverse a short path length s if it is far from a
turning point. However, if this path length is at the turning point, 7 ~
\/2ms/|F|, that is, T ¢ 4/s.

If U’(a) = 0 (see Fig. 47) one must extend the expansion of U(x) to the

next term
U(x) = E+3U"(a) (x—a)2.

a

Fi1G. 47

In that case x(¢) = a +set* with s = x(0)—a, A2 = —U"'(a)/m, where
mis the particle mass, and where the sign in the index is determined by the
direction of the velocity at £ = 0. It takes an infinite time to reach the
turning point.

1.4. If U"(@) # 0, Toc Ine, where e = U,—E. If U"@@) = ...
UYa) =0, U(a) = 0, we have T o exp. {[(1/n) —3]In &}.

1.5. The particle moves most slowly near the point x = a. Let us first
consider the interval a—6 < x < a+6 (6 <L = x2—x;). To estimate
the time T, the particle spends in that interval we write U(x) in the form
U(x) = U(a)—4#(x—a)?, where x = —U"'(a). We find

a+é
Tv=vam | & - 41/”11n(é+l/1+f),
VE-U(x) P l 2

a—6
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1.5 Answers and Solutions

where / = \/2¢/x and ¢ = E— U,,. Assuming that ¢ is so small that
l<éd<L
can be satisfied, we find

T1x4‘/_(l —l-+1n—-)~4V”’ (1

The time T, spent by the particle along the intervals x; < x < a—d and
a+8 < x < x,satisfies the relation T, = L/v, where 3mv? ~ 1x8, that is

TzS‘/"::-i

When ¢ decreases, T, increases so that, for sufficiently small ¢, Ty < T
and we can then use equation (1) to estimate the period of the motion.
This formula is asymptotically exact. As ¢ - 0, its relative error tends to
zero as (In )~
If U"(a) = 0, but U™ (a) = K # 0, we have

- () [ im0l

If we observe the motion of the particle over a long period 7 > T,
the probability to find the particle between x and x+dx is

dt \/2m dx
w(x)dx = 2 T = T E U VE-TG)"
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Collection of Problems in Classical Mechanics 15

The x-dependence of the probability w to find the particle at a point x
is drawn in Fig. 48. The probability w(x) dx is represented by the hatched
area (the total area under the curve is unity). For small ¢ the area under
the central maximum gives the main contribution T3/T to the total area
under the curve. In spite of the fact that w(x)—~ « as x < x;, , the contri-
bution from the regions near the turning points is relatively small.

1.6. We put the value of the potential energy at the lowest point equal
to zero. If E = 2mgl, we have

¢(t) = m+4 arctan [exp (+2¢/g/l) tan $(p(0) —7)],

where ¢ is the angle between the pendulum and the vertical. The sign in
the index is the same as that of ¢(0). The pendulum asymptotically
approaches its upper position.

In the case 0 < E—2mgl < 2mgl the pendulum rotates, slowly crossing
its upper position. One can estimate the period of rotation applying the
result of the preceding problem:

_1/! €0 — 1.2
T = Vg In E—2mgl’ g = g n2mgl.

1.7. We again put the value of the potential energy at the lowest point
equal to zero. We then have

‘/r_n— J"” do
t=1| — .
2 Jo A/E—mgl(1—cos ¢)

The substitution x = x sin 1, » = \/E|2mgl changes the integral to
. ‘/Z f’ dx
g% VI-x)(T—x)’
X = sn (t‘/—f—+1p,x),
= 2 arcsin [l n (t‘/g+ x)]
p = 2arcsin | s )|

(For a definition of the sn function and the other elliptic functions see,
for instance, Abramovitz and Stegun, 1965.) The oscillation period is

whence
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1.8 Answers and Solutions
T = 44/1l/g K(x), where K(x) is the complete elliptic integral of the
first kind,
n/2
K(?{) = J. —dgi'— .
b V1—x*sin?¢

If » > 1, we get from the substitution xx = y

SRTIRY "
g xo \/(l—yz)(l—yz/%z)

_ |1 g 1 )
and @ = 2 arcsin L} sn (%t V7+ap,; .

The rotation period of the pendulum is T = (2/%) V/l/g K(1/%).
The following formulae allow us to obtain the period in certain limiting
cases:

K(x) = (l +~1 ,,2) when x < 1;

4
K(») = ;— In 1 %2 , when 1—x<«<1.

In particular, when E—2mgl < 2mgl, we have

1 e
T=1L1n_20_
Vg " Eomgl”
where o = 32mgl. This result differs from the rather crude evaluation
made in the preceding problem in the value of o, that is, in a quantity
which does not depend on E—2mgl. This difference is small when
E—-2mgl =2

——2‘;;,gl— < 7‘? ~ 0.2.

1.8. The motion in the potential U(x)+ 6U(x) is governed by the equa-
tion

m dx
‘= V 2'fa VE—U(x)—8U(x), M

where we have assumed that at # = 0, x = a. Expanding the integrand in
(1) in powers of 6U(x), we obtain

t = to(x)+ 6t(x), 2
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m [*  dx
falx) = V f VE-Uw) ®
dU(x)d.
6I(X) ‘/ f [E J(x)-}xalz (4)

Let the orbit for the case when 6U(x) = 0, which is determined by ¢ =
to(x), be x = xo(f). We then have from (2)

x = xo(t—0t(x)), &)

where

where in 6#(x) we substitute for x the function xo(#). Expanding (5) in
terms of ¢, we finally obtain

x = xo(t) —xo(t) 81(x(2)). ©

Near a turning point one has to be careful, as the small parameter in
the problem so far has been 0U/(E— U(x)) which becomes large near the
turning point. Near the turning point x = x; we may assume

8U(x) = 8U(x1), U(x) = E—(x—x))F,

where F = —U’(x;). We assume that |[6U'(x1)| < |F|. The expansion is
applicable as long as | x—x;| < dx1, where dx; = —6U(x,)/F. We then
have

5t = \/;l 6U(x1)
\/2F3(x—xl)

where the constant d¢o determines the delay of the particle suffered along
its path far from the turning point. When | x—x, | 2 dx, the first term on
the right-hand side of (7) is small; however, when |x—x;| < dx, it be-
comes large according to (7) so that it ceases to be a small correction, and
(2) is no longer applicable.

We note, however, that equation (6) remains valid right up to the turn-
ing point. Indeed, the change in the motion in the vicinity of the turning
point consists in a shift of the latter. This result is obtained when we sub-
stitute (7) into (6):

x(t) = xo(£)+ 8x, —xg(t) 8ty = xo(t —8t5) + 6x;, 8)

+ 6to, @)

where 0x; satisfies the equation for a turning point,
U(x1+6x1)+8U(x1+ 6x,) = E,
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1.10 Answers and Solutions

with the required accuracy. This is connected with the fact that near an
extremum Xx is nearly independent of ¢, even though ¢ increases when we
approach the turning point.

1.9. (a) For the unperturbed motion we have
xo(t) = asinowt, E = yma’w?. n
For the correction we have

Y= 5 (‘/az_x2+ \/J_—

Substituting (1) and (2) into (6) of the preceding problem, we get

—Za). @)

3

x(t) = asin ot — xa cos wt (cos ot + ——1-- —2).

30? S

Up to terms of first order in «a?/w? we have

aa®

x(t) = asin (0t + @) — 2k o’ cos 2(wt+ @),

6(02
where ¢ = —2aa?/3w? (compare problem 8.1b).
1.10. The change in period is

or = VE; Uo ’ \/E_T‘ix)_m‘f VE%]‘ O

One cannot expand the integrand in (1) in terms of dU(x) since the re-
quirements of the theorem about differentiating improper integrals with
respect to a parameter are violated, as the resulting integral diverges. How-
ever, we can expand the integrand in terms of dU(x) up to terms of first
order in dU(x) if we write 6T in the form

9 [ xg+0xg

8T = \/2m-

F VE—-U(x)—8U(x) dx — f VE-U(x) dx], )

'x1+0x,

whence

5T — m 8 [™ dU(x)dx __»o
d Vz oF -[ VE=U(x) oE (VD). )

Whel'e

is the time-average of 6U.
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The time spent near the turning point contributes little to the period,
provided, of course, that U’(x,,,) # 0 (compare problem 1.3). Equation
(3) can therefore give a good approximation.

We note that sometimes even small extra terms 6U(x) may strongly
affect the motion (see, for example, problems 1.11(b) and (c)).

Higher-order terms in the expansion of 0T in terms of U can be ob-
tained by similar means:

_1m e (=1y o ["[6UX)dx
T‘Vz Z aEf VE-UG) ®

The formal expansion (5) may be an asymptotic or even a convergent
series.

1.11. (a) According to equation (5) of the preceding problem the cor-
rection to the period 27n/w is — 37 BE/2mw® which is small, provided E is
sufficiently small,

(b) In Fig. 49 we have given the potential energies U(x) and U(x)+
6U(x). When E=E’ > U,, = mw8/6a2 the extra term clearly means that the
particle can move to infinity. When E is close to U, the period of oscilla-
tion increases without bound (as |In (U,,—E)|; see problem 1.4) so that
one cannot determine the change in period just by a few terms in the series
(5) of the preceding problem.

U(x)+dU(x)

\ E u(x)
7
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2.1 Answers and Solutions
When E < U,, the correction to the period is 6T = 5z E/18wU,,.

L 5 -
(c) 8T = 3mA/m/2a E24/2; the formula is applicable when |E| >
|U,,| =~ /84V, (E < 0).

2. MOTION OF A PARTICLE IN THREE-DIMENSIONAL POTENTIALS

2.1. To study the orbits of the particle we use the energy and angular
momentum conservation laws:

im@r )+ U(r) = E, )
mir\¥] = M. #))

It follows from (2) that the orbit lies in a plane. Introducing polar coor-
dinates in that plane (see Fig. 50) we get

+mi%+ Fmrip?+ U(r) = E, 3)
mr¥p = M. 4)

F1G. 50

Using (4) to eliminate ¢ from (3) we get

3mi?+ Ueg(r) = E, ®)
where

Usa) = UO)+ s,

The radial motion can thus be considered as a one-dimensional motion
in the potential Uyg(r).
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For a qualitative discussion of the character of the orbits we use dia-
grams of
M2

-4
Ueﬂ'(r) = —"r"—'z"“" ﬂ;z

o ©
for different values of M (Fig. 51).

When M* > 12mPay, Ug has two extrema (for r, , = [M2F
V M*—12mPay]/2ma), where Ueg(ry) = Upin < 0, while U,y can be
either positive, when M4 > 16m?ay (Fig. 51a), or negative, when 12m?ay <
M* < 16mPay (Fig. 51b). If M* < 12mPay, the function U (r) will be
monotonic (Fig. 51c).

Uent Uett Uett

Umn -

(a) (b) (c)

Fi1G. 51

(a

(b)
Fi1G. 52

Let us consider the case of Fig. 51a in somewhat more detail. IfE> U ,,,
the particle coming from infinity falls into the centre of the potential. The
quantity ¢ then increases according to (4). This is all we need to sketch the
orbit (see Figs. 52a, b).

At large distances such that yr—3 < ar—1, the main term in U is —a/r
and the orbit differs little from a hyperbola. For the form of the orbit
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2.1 Answers and Solutions

as r -~ 0, we refer to problem 2.8. If the energy is close to Uy,,, the par-
ticle passes very slowly through the range of values of r which are close to
r1. At the same time the radius vector turns round with a velocity ¢ ~ M/mr}
so that the particle may perform many revolutions around the centre be-
fore it passes through this range of values (Fig. 52b).

If E = U, the particle approaches the point r = r; asymptotically dur-
ing its radial motion (compare problem 1.3). The orbit is a spiral approach-
ing the circle of radius r; and centre O (Fig. 53a). If, on the other hand,
the particle starts in the region r < ry and is moving away from the centre,
its orbit also approaches this circle, but this time from the inside (Fig.
53b). Finally, motion along the circle r = r; is possible when E = Up,,,"

(b) A

(a)

FiG. 53 FiG. 54

The motion along this circle is an unstable one, as any change in E or
M will bring the particle onto an orbit which moves away from the circle.

If 0 < E < Uy, a particle coming from infinity will be reflected from
the potential barrier U 4 and again move off to infinity. Examples of such
orbits are given in Fig. 54a, b. If the energy is close to U,,,, the particle
makes many revolutions around the centre before 7 changes sign. The
closer the energy is to zero (for a fixed value of M this corresponds to
larger values of the impact parameter) the less twisted the orbit of the
particle.

When E < Uy,,,, the case is also possible of the particle falling towards
the centre, when it is moving in the region r < a. The orbit for that case is
given in Fig. 55.

When U, < E < 0 the particle can also perform radial oscillations in
the range ¢ = r = d. If the energy is close to zero, the amplitude of the
radial oscillations will be large ; their period can also become large and the
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Collection of Problems in Classical Mechanics 21

radius vector may perform several revolutions during one radial oscillation
(Fig. 56a). When the energy is close to U, the orbit is close to a circle
with radius r, (Fig. 56b) while the angle over which the radius vector
turns during one period of the radial oscillation depends on the quantities

FiG. 55

-

S~ —-

(a)

FIG. 56

o, v, and M (compare problem 5.4). When E = U_;, the particle moves
along the above-mentioned circle.

One can analyse the motion of the particle in a similar way for the other
cases.

What are the particular features of the orbit when M* = 12m?«y?

Let us now consider the orbits in more detail. One can obtain the equa-
tion for the orbit from equations (4) and (5). From (5) we get

r'=:|:‘/"i‘(E_Ueﬂ')s (7)
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241 Answers and Solutions

or

= V J VE—UulD) Ueﬂ(r) “ ®

Using (4) to eliminate df from (7) we find the equation of the orbit:

M r dr
= - +C'. 9
P=1 \/ 2mJ r? \/ E—U(r) ©)

Let us consider the case M* > 12m2xy. If the particle moves towards
the centre we must take in (7), and of course also in (8), the lower sign.
If at = 0, r = ro, we can rewrite (8) in the form

m (" dr
_V7L~@-umy (10)

Equation (10) is an implicit equation for r as a function of ¢. If the orbit
passes through the point r = ry, p = @, the equation of the orbit be-
comes

rodr
w=—Mfﬂpﬁ%, (11)

where we have taken once again the lower sign, and where |p,| =
V2m[E= U (r)]. In particular, if the velocity of the particle at infinity
makes an angle y with the x-axis, we must put ro = ~, s = T—1p.

If E > Up.., equations (10) and (11) completely determine the orbit
and the time when the particle passes through each point of the orbit.
However,if 0 < E < U,,,, these equations correspond only to the section
AB of the orbit (see Fig. 54a). At B the radial component of the velocity
# vanishes and then changes sign. The section BC of the orbit is thus
described by equation (9) with the upper sign and we must redetermine the
constant C’. It is convenient to write (9) in the form

¢_Mf a5t C (12)

’mln

Aslongas C’ is not determined, we can choose the lower limit of the inte-
gral arbitrarily. According to (12) we now have

C' = Prmin). (13)

77



Collection of Problems in Classical Mechanics 11

Determining g(r,;,) from (11) we get the following equation for the section
BC of the orbit:

T dr rmia  dr
=m| M| L. 14
P f 2o, I Ap TP (14

Tmin 0

Similarly we can determine the time dependence of r along BC:

_ym( e g _dr
t_l/z rmin A/ E— Uett(r) Vz v[o VE—Uealr) (19

If Umin <E< 0: a<ro< b, ’.'(0) < Oy ¢P|1=0 = Q@o, equation (11)
describes the section AB of the orbit in Fig. 54b. The section BC is
described by the equation

v dr
Q= Mf 1 p.] ——+01, 16)
a r

where the angle ¢, can be obtained by putting r = a in (16). The equation
for the section CD is

rodr
o= Lt an

where @ is determined from (16) with » = b, and so on. Substituting the
values of ¢, and ¢ into (16) and (17) we get the equations for BC and CD
in the form

T dr e dr
=M| +—-M| o, 18
? f ?1p] f 7ip] (18)
o dr b dr a dr
= M| 7 tM| o M|
v fb ST f 71p,] f 2171
rodr b dr e dr
=-M ~—+2Mf ——Mf —_— 19
fa r2lp,| ., r2ip.| .. 2P, (19)

One verifies easily that the equation for that section of the orbit which
corresponds to the nth radial oscillation, taking the section BC to be the
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first, has the form'

rodr b dr
=+M| - 42 —IMI T
Pt f,,r2|p,| (=DM | 5]
a dr

In the equations given here we have assumed that the angle ¢ changes
continuously, and we have not introduced the limitation 0 = ¢ < 2.
There is an infinity of values of ¢ corresponding to a given value of r, cor-
responding to different values of n and different signs in equation (20):
@ is a many-valued function of r; on the other had, r is a single-valued
function of ¢.

All other cases can be treated in a similar fashion.

2.2. Outside the sphere of radius R the particle:moves with a speed
A/2E/m and inside with a speed \/2(E+V)/m. Depending on the values
of E and M we get different kinds of orbits. When (M2/2mR?)—V < E <
M?2mR?, the particle can either move inside the sphere and be reflected
at its surface (Fig. 57a); or, provided E > 0, we can have an infinite orbit

/

(a) (b)
FiG. 57

t The equation (20) for the orbit can be written in the form

J’r dr _ arccos Y(p+a)
a r2|p1| yM

(we bear in mind that 0 = arccos x < x), where
n b dr a dr
-—=MJ~ —_— a=Mf———-— .
y a 7P nPlp]
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(which can be a straight line, see Fig. 57b). When M2%/2mR? < E, we can
have a refracted orbit (Fig. 57b).
What is the shape of the orbit when E = M?2mR?*—V'?

2.3. To determine the equation of the orbit we use the equations

_ J‘ M dr
v r2y/ 2m(E - Uen(r)) ’
M2 0))
Ueﬂ‘(r) = U(I‘)+ %2 N
and we then get'
P ®

"T ecosp—p)—1°

where

L2, MY\ B[, M® /. 2mB

E = 0, and v is an arbitrary constant.

The orbit is the curve which is obtained from a hyperbola by reducing
the polar angles by a factor y (Fig. 58). The constant p determines the
orientation of the orbit.

?
ki

FiG. 58
1 If we write the integral for ¢ in the form
M o= J’ Mdr
M r* A/ 2m(E— M*/2mr* —afr)’

where M2 = M2+ 2m§p, the integral is reduced to the corresponding integral in the Kep-
ler problem (see, for instance, ter Haar, 1964, p. 9).
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The direction of the asymptotes is determined by the condition r — oo,
or e cos Y(¢;, ,—y) = 1. The directions of the velocity before and after
the scattering are at an angle

—(p1—p2) = ——2—arccosl-— —Earctan‘/f ﬁ+M—2
Tprmp) = y e T y o2 2m

to one another.

2.4. It is useful to study first of all the character of the orbit using a graph
of U.g(r). This graph is given in Fig. 59 for the case where § < M?2/2m.
In that case all orbits are infinite and lie in the region r > r,,, when E > 0.

o

m

FiG. 59

The equation of the orbit is the same as in problem 2.3, equation (2),
except that in equations (3) we must substitute — g for 8. The main differ-
ence with the orbits found in problem 2.3 occurs because nowy < 1. An
example of an orbit is shown in Fig. 60.
The form of Ug(r) for the case when § > M?2/2m is shown in Fig. 61.
If
a2
E=Un=36=372my

1 The inflection point A is determined from the condition dU/dr=0, that is, r =2 Ja.
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A
FiG. 60
Uall
U,
r
a b
FiG. 61

the particle coming from infinity will fall into the centre. The equation of
the orbit can be obtained from the equations of problem 2.3. We must
then replace 3 by —/3_ and y by y+x/2p, and also use the formulae

sinix = isinh x, —x = i\/ x. As a result we get
_ 4
"= sinhy(@—yp)+1° O
, 2 Mz) , _1/3E(, M? . 1/2mp
] "_V&?( “am) 1 7= AE1 @

The orbit for this case is shown in Fig. 62a. We note that as r -0, ¢ + .
This means that a particle coming from infinity and falling into the centre
makes an infinite number of revolutions around the centre.
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FiG. 62a FiG. 62b

IfE < U, we see from Fig. 61 that the particle can either move in the
region b = r < oo (scattering), or in the region 0 < r = a(falling into the
centre). We obtain the equation for the orbit, using the relation cos ix =
cosh x, and for the second case again the substitution of y+n/y for y:

_ v v _ 1/ _4E _Af)
" 1T coshy(p—y) > ¢ _l/l al (’3 2m) "’ 3

For the case E = U, it is not possible to use equation (2) of problem
2.3, as we have assumed in its derivation that e # 0 and we must start
again from the integral (1) of problem 2.3. We find

’

p

"T1¥Ce e’

. p .
that is, r= ; or r=
1+ exp [—Y'(p—)] P

depending on the initial value of r. The orbit is either a spiral starting at in-
finity and approaching asymptotically the circle with radius r = p’, or a
spiral starting near the centre and approaching the same circle asymptoti-
cally, or it is this circle itself (Fig. 62b).

Finally, for the case 8 = M2/2m it is also simplest to start again from
the original integral. In that case scattering occurs and the equation for
the orbit is

2M?%

"= IME —ma(p—yp)?
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The time it takes the particle to fall into the centre is found from the

equation
‘- ‘/ E J‘ r dr
2 o A/VE—Uu(r)

For instance, when the orbit has the form given by equations (1) and
(2) of the present problem, the time to fall into the centre from a distance
r is given by

14/m M? . M?

—__ hid 2 —R - R
= l/z [VEr ar—§ 2m ‘/ﬂ 2m]
@/ m . (2Erfx)—1 1 ]
+El 3E [arcsm T Carcsin .

2.5. The equation of the orbit is

r= p
1+ecosy(p—y)’

where p, e, and y are defined in problem 2.3. When E < 0, the orbit is a
finite one, and'
noe\/m 2n

T = 5iargns 4 = T
QIEpR P77y

The orbit is closed, if y is a rational number. In Fig. 63 we show the orbit
fory ~ 4.

2.6. When 8 < M?/2m we have

_ P 5= 2 (M _
" T cos Hp—vy) ° p_a(Zm ﬂ)’
-1/, 2mg 4E (M?
=V e“/”?'(ﬂ_ﬁ)’

if E < 0, dp = 2n/p, T, = yT,, and T, will be the same as in the preceding
problem.

t The period 7, is the same as in the potential U, = —a/r. To determine 7, it is
sufficient to note that adding a term $/r? to the potential U, has the same effect on the
radial motion as increasing M. However, the period 7T, is independent of M in the
Coulomb potential U,.
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FiG. 63

When 8 = M?/2m, we have (using the notation of problem 2.4)

’

_ P .
"= ¢sinh Y(p—yp)+1° when  E > 0;
r= p when E <O.

ecoshy'(p—yp)+1°

2.7. (a) A finite orbit is possible if the function U (r) has a minimum.
The equation U (r) = 0 can be reduced to the form f(x) = xM?/am,
where f(x) = x(x+ 1)e~*, x = »r. Using a graph of f(x) one sees easily
that this equation has real roots only when xM?2/am is less than the
maximum value of f(x), for x > 0. This maximum value is equal to
(2+4/5)exp[—L(1+4/5)] ~0-84. A finite orbit is thus possible,
provided M2 < 0-84 am/x.

n>2

(a) (b)
FiG. 64
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(b) A finite orbit is possible provided M2 < 8mV [e?»2.

2.8. In the equation for the orbit (equation (1) of problem 2.3) we can
neglect for small values of r the quantity E, when n = 2, and also the term
M?2[2mr?, when n = 2. We obtain then

M 1n (r[ro) .
= ——————+4 o, when n =2 (see Fi .643,
i \/ 2ma — M? o ( g )
Q= 2M r—H%", when n > 2 (see Fig. 64b).

N 2me(2—n)

It turns out that the number of revolutions is infinite only when n = 2.
The time it takes the particle to fall into the centre is finite as the radial
velocity increases when the centre is approached.

2.9. The number of revolutions of the particle around the centre is in-
finite only in the case
(bYE=0, n=2.

2.10. The time it takes the particle to fall into the centre is 7 vV mR3/ 2.

2.11. The relative motion is characterised by the angular momentum
M = pvp and the energy E = Fuv?, where pu = mymy/(my+my) is the
reduced mass. The distance to be determined follows from the condi-
tion U.g(rmin) = E. Solutions can be obtained easily for n = 1, 2, and 4.

2.12. The particle orbit is

—— S—=1+4ecosep,
my2 ri2 + ¢
where
_ mumg _ M2 _V 2EM?
ﬂ_ml+m2s P—‘m’ e = 1+ ‘uaz,

E and M are the total energy and angular momentum of the system. The
particles move in similar conical sections with a common focus and their
radius vectors are at any moment in opposite directions (Fig. 65).

-
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&

F1G. 65

2.13. One sees easily from Fig. 66 that

OS = p(cot po —cot 2¢po). 4))
P
?o
0 S
F1G. 66
Here
oo dr
Po=e J:.,,... r2/1—(UE) —(@r®) @

As o - 0, po -~ 0, and

oo dr -1
os=f2[" x/T—(_U(WF)} +0(@. ®

The point S is the virtual focus of the beam of scattered particles so that
up to and including terms of first order in g the position of the points
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where the asymptote of the orbit intersects the axis of the beam is inde-
pendent of o.

2.14. The equation of the orbit is

f = ecos(p—po)—1,

where p = M2/ma, e = \/1+2EM?/ma?, while @, is determined from
the condition that ¢ — 0, as r — o, so that cos po = 1/e. The region which
cannot be reached by the particles is bounded by the envelope of the
family of orbits. To find it we differentiate the equation for the orbit,

M? M [2E .
r;wz—r+l_ cosgp—-_~ ‘/-m— sing = 0, 0))

with respect to the parameter M :

2M [ 2E .
oV m singp = 0, 2)

and eliminate M from (1) and (2). The result is

2 _ 14cos
Er — ¢

The inaccessible region is thus

20

"= E(1+cos ¢)

which is bounded by a paraboloid of revolution (Fig. 67).

2.15.
- 2aé
e 1—62—(1—-6)2cose’

where 6 = mav?/2a, OA = a.

2.16. We take the scalar product of the equation

[oAM] -2 : =4
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o] ]

N

FiG. 67

with r. Denoting by ¢ the angle between r and 4, we get

M? D
m——ar_Arcoqu, or 7—l+ecos<p,

where p = M?/ma, e = Aja. We note that the vector A is directed from
the centre of the potential field to the point r = r,.

2.17.
oT=—9  here SI=T<o8U= = 21/ﬂ "__oU@dr
oF 2 J, VE—Uel(r)

(compare problem 1.10).

Similarly we can write for the change in the angular distance between suc-
cessive pericentre passages (r = rp;,) in the form é4¢ = 8I/oM (com-
pare problem 3 of § 15 and § 49 of Landau and Lifshitz, 1960).

2.18. The potential U(r) differs little from the Coulomb potential Uq(r) =
—a/r in the region r << D. Therefore a finite orbit which is close to an
ellipse with a parameter p and an eccentricity e determined by the integrals
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of motion E and M will retain its shape, but will change its orientation.
The velocity of rotation 2 of the ellipse is determined by the displace-
ment of the pericentre over a period 2 = 84p/T, which we can evaluate
using the equations from the preceding problem with 6U = a/D—ar/2D2,}
while T, is the period in the Coulomb potential. The result is Q =
M/2mD?. We can write the equation for the orbit in the form

f=l+ecosy¢p, y=l—~% 0))

The deviation of the curve (1) from the actual orbit is of first order in 06U,
that is, during one period equation (1) describes the orbit with the same
degree of accuracy as the equation for the fixed ellipse. However, equa-
tion (1) retains the same accuracy during many periods. It is therefore just
this equation which we can call the “correct zeroth approximation”.

In other words, only secular first order effects have been taken into ac-
count in equation (1).

2.19. The potential U = —a/r1*¢ differs little from the Coulomb poten-
tial so that the orbit of a particle in this potential will be a slowly precessing
ellipse. Expanding U in terms of ¢ we can write it in the form U= U+ 60U,
where

Up=—", 8U="%In", &=aR~,
r r R

while R is a constant which characterises the size of the orbit. We can
evaluate the shift of the pericentre d4p = (9/0M)[I6Udt (see problem
2.17) by making the substitution (see Landau and Lifshitz, 1960, § 15)

a T .
r=—=g (1—ecosf), t= Eﬂ«(&—e sin &),

e—‘/HZE—M2 T—n&‘/—m—
= maz > T 2(EP

t It is convenient to change to an integration over the eccentric anomaly &, where
r = («/2| E|)(1 — e cos &) (see ter Haar, 1964, p. 131).
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The result is

_ bdy —ecos §)
Q= 7‘ 2:': aMf - 2/EIR 2]E|R ds

s& Oe [ cosfds _ me|E|
21 8M )i 1—ecos& = M

The condition for the applicability of the calculations made, U < U,

can most easily be satisfied by taking R = V/rpisFmax = M/ 2 |E] 2|E|
(discuss why this is so). The condition that 6U be small leads to
|eln(1—-e?)| < 1.

Simultaneously we must satlsfy the condition é4g < 2n leading to the
requirement |¢| < 1—e2?, which is more restrictive.

2.20. We have the following expressions for the changes in the period
of radial oscillations and in the period of revolution:

GL) | 2n [0 T,
o= - g M=— 4 [
(a) I =—-T,0E;
(b) 81 = T, < 8U =—T,5U(ry),
where rois the distance of the particle from the centre at the moment 6U
is “switched on” (compare problem 2.17).
2.21. If we expand the integrand in the equation for the orbit,
Mdr
v=| : M
2/ 2m(E —M?*]2mr® +-a[r —y[r%)

in terms of 8U = y/r?, we can write this equation in the form

Gl g
sETA, aM]‘” e = om -

@ = @o(r)+dp(r), 1))
where
Mdr
Po(r) = f r2\/2m(E— M?2mr® +ajr)’ 3
- yMdr
M’) - J. s \/2m(E-M2/2mr2+a/r)3 . “4)

If we neglect in (2) the correction é¢(r), we obviously get the equation of
the orbit in a Coulomb potential (see Landau and Lifshitz, 1960, § 15)

{: 1+ecosp, ®)
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where p = M2/ma, e = \/[1+(2EM?/ma?)). If we take into account the
correction 0p(r) in (2), we get, in place of (5),

":4 = 1+ecos (p—dp(r)). ©)

In the right-hand side of (6) we can expand in terms of dg(r) and use in
og(r) for r the relation r = ro(p) which follows from (5). The result is

= = l1+ecos @+e dp(ro(@)) sin ¢. @)

Integrating (4), we find'
2e2+1
dgp(ro(p)) = { p——,  sing

_I+ecosg

Fsing [2e+(e2+ 1) cos (p]}. 8)

Substituting (8)into (7) gives a result which is accurate up to and includ-
ing first-order terms in ; = m2ay/M?*:

2
i?: 1+e cos[(1+30)gl+¢ 2;::1 sin? ¢

c'+e°°s-"’ [2e+(e2+1)cosgl.  (9)

t We can rewrite (4) in the form

_ 8 V2mydr
0= |

PVE=M2mri +ajr 2/2mr’+az/r

and use (5) to change the integration into one over ¢:

a 2.
b = gag | (+ecosprdp
=_3_m?ya( +esing)+ — ey ae—sm + 2% (14-e cos ) @®)
M P P+ s o NP 4 aM ’
From (5) we find
M aeAcos a¢~s e _ -1
matr ~ oM VoM P oM T em

and substituting this into (8’), we obtain (8).
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In the vicinity of ¢ = 0 and ¢ = 7, the expansion (2) can no longer be
applied as dp increases indefinitely. Equation (9) for the orbit remains,
however, valid also in those regions (compare problem 1.8).

In the case of an infinite orbit (E = 0) equation (9) is the solution of the
problem. If E < 0, equation (9) remains the equation for the orbit only
during a few revolutions,’ namely, as long as 3{¢ < 1. Taking only the
secular part dp = — 3¢ in (8) into account, we obtain the equation

f: l+ecosdp, A= 1+3C, (10)

which describes the path over a long section of the orbit; thisisa “correct”
zeroth approximation (as distinct from (5); compare problem 2.18). It is
obviously easy to transform equation (9) also in such a way that it de-
scribes the orbit over a long stretch with an accuracy up toand includ-
ing first-order terms, and we have

£r’" = l+ecos dp+{(2¢°+ 1) sin® Ag
_C_ltezoﬂ [2e+(e2+ 1) cos Ag). ()

2.22. It is sufficient to prove that the Lagrangian can be split into two
parts when expressed in terms of the centre of mass coordinates, R =
(myr1+ morg)/(my+my), and the relative coordinates, r = ra—ry:

L = Ly(R, R)+ Ly(r, 7),
Ly(R, R) = 1(m1+ mo)R? + (e1 + e2) (E - R),

Py MM L, €€ MM (€1 €\ p
Ly(r, 1) = 2(my+my) r r T mitms (ml mz)(E ).

The function Ly(R, R) determines the motion of the centre of mass which is
the same as the motion of a particle of mass m; + m, and charge e1+ ez in
a uniform field E. The relative motion, determined by L,(r, ), is the same
as the motion of a particle of mass mimsy/(m1+ ms) (the reduced mass) in
a Coulomb field as well as in a uniform field.

One could, of course, have obtained the same result starting from the
equations of motion of the particles.

t In particular, the radius vector r must be a periodic function of ¢.
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2.23.
L= ) A m) + (A 1)+ (A ).

The Lagrangian can be split into two parts depending only on R, R and
r, ¥ (using the notation of problem 2.22), if e1/m; = es/ms:

1 oy b L ey cmitesmt ;
_ ! 2 — mp2y 1T 2 .
3 (mbmRe L (A(R)-R)+ 5 mit+ i E (A()-F).
2.24.
1 N . . N .
T=, Y uEl P=pby M=} mlE ALl
where
b _ 1 +-—1~—(n— N-1) —f:m
Un Mup1 v N & ke
™

2.25. Let the coordinates of the incident particle and of the particle
initially at rest be x; and x2, respectively, and let at # = 0, x; = —R,
= 0. The centre of mass of the system moves according to the equation
X = —R/2+t/2. The relative motion (x = x2—x;) follows from the

equation
Y[ |
\/ mv‘ —ax~"

The first particle thus has the following position:

R
x1=X-i=—R 1 dx x

| e .
2 22 ) A1—@a/moxn) 2
The distance between the particles decreases until it becomes x;,=

(nw?/4a)t" and then increases again. When it is again equal to R, the
first particle has come to the point

X1f = Xmin { J;RIxmln (V_IITZ_;__ 1)dz— l} )

The point where the first particle comes to rest is the limit of x;;,as R — co.
If n =1, x;,~ o, as R — oo, that is, both particles go to infinity after
the collision.
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2.27. The motion of a charged particle in an electromagnetic field is de-
termined by the Lagrangian

L = mv? -etp+%(0'14), 1)

N —

where ¢ and A are the scalar and vector potentials (see, for instance, ter
Haar, 1964, p. 113).
Using cylindrical coordinates we have

— ]_ .2 22 72 g _7'”1’2(’3
L = 5 m(F2+r2p2+22) + ¢ Py )
We see from the equation of motion for z,
2 .
mi+ 3e Mrizg 3)

2 (rP+yE

that for z = 0 the component of the force along the z-axis vanishes. The
orbit thus lies in the plane z = 0 when z(0) = 2(0) = 0.
As ¢ is a cyclic coordinate, we have
oL

= 207 % — =
3¢ mrip+ o = Pe const. @)

From this equation it follows that p,is the value of #,asr — o, in the
case of an infinite orbit. Moreover, the energy conservation law is satisfied
(since oL/ot = 0):

Im(F2+r2g?) = E. )

Using (4) to eliminate ¢ from (5) we get

tmit+ Ueg(r) = E, (6)
where

Uer) = (o= e—j;”—)’/Zmrz. ™

The radial motion thus takes place as in the one-dimensional potential
Uee(r).

We have drawn U g(r) given by (7) for the case p, < 0 and for the case
p, > 0in Figs. 68a and b.
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Uat Ugy

E -
€ Unf-—=\-— == -
|
1
|
E '

(a (b)
FiG. 68

In the case when p, < O the orbit is always infinite for E > 0. In order
to give a qualitative description of the orbit it is useful to use (4) to write

o |pgl M
Y= et T mers ®)

The velocity with which the radius vector of the particle turns round has
all the time the same direction and increases when the particle approaches
the dipole. Curve 1 in Fig. 69 shows such an orbit. The orbit is symmetric
with respect to the straight line connecting the centre of the field with the
point r = ry;,.

When p, > 0, scattering can occur for any energy E > 0, but if E <
U,, = ¢*p}/32 me® M* (E = E, in Fig. 68 b), there is also the possibility
of finite orbits. From the equation

Dy eM

mr2  mcr3

it follows that ¢ > Owhen r > r; = e//cp,and¢ < O when r < ry.For
r = ry there is a “sticking point” in ¢. A particle with an energy E > U,,
(E = E; in Fig. 68b) is scattered while in two points (where r = ry) its
velocity is parallel to its radius vector (curve 2 in Fig. 69). When E
= E3 < U,, there can occur scattering without sticking points (curve 3 of
Fig. 69) or a finite orbit in the annulus a = r = b (Fig. 70). In the latter
case the particle can perform both a direct (section AB) and a “counter”
(section BC) motion as far as ¢ is concerned.

2.28. (a) It is convenient to use cylindrical coordinates and to take the
vector potential in the form 4,=3Hr, A, = A,=0. In the z-direction the
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FiG. 69 Fic. 70

motion is uniform, while in a plane perpendicular to the z-axis we have a
finite motion. In Fig. 71 we show the projection of the orbit on this plane.
The orbits (a), (b), and (c) correspond, respectively, to the cases p, = 0 (to
fix our ideas we assume that H > 0; p, is the generalised momentum corre-
sponding to the coordinate p)and Uy < E, < Uy, E, = Us,andU; < E,
where E, = E—1mv?, U, = (!§—Q)p¢, U = 2p,[22, Q = eH|[2mc,
Q=4/x11.
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An orbit for the case when p, < 0 is given in Fig. 71d, while Fig. 71e
depicts the orbit for the case where p, = 0.
The orbit for the particle in the xy-plane can easily be determined once

we know the motion of a free isotropic harmonic oscillator of frequency 2
(see problem 3 of § 23 in Landau and Lifshitz, 1960):*

r2 = g2 cos? Qt + b2 sin2 Ot
a .
@ = —Qt+arctan (b tan Qr )

The maximum and minimum radii (a and b) are determined by the ener-

gy E = %m@(a2+b2)— P,£2 and the angular momentum p,, = mQab;the
origins for ¢ and ¢ are chosen such that p(0) = 0, r(0) = a.

Note that the period of the radial oscillations, T = n/f) is independent
of E and p,. The angle over which the radius vector turns during this
period is

Ap == (:F 1 _2 Pe =0
4l !3 ) ’ () s

1

where the sign is the same as that of p,,, and

Q
Ap = —m—, when =0.
P T o) Py

The angle Ap is independent of the energy E.}

What will be the motion when 4 < 0?

It is interesting to compare the motion of the particle in this problem
with the motion in crossed electrical and magnetic fields (see Landau and
Lifshitz, 1962, § 22).

2.29. The equation of the orbit is

V f[p’/mr” Q]dr )
Ueff(r)

T The branches of arctan(a/b tan .Q;) should be chosen such that the angleg is a
continuous function of ¢.

1 Another way to solve the problem is given in problem 6.23.

98



229 Answers and Solutions
where 2 = eH/2mc and

a 1 P2 \?
=——4+_—mr? N
Uer(r) . + 5 mr (Q mr”) .
By looking at a graph of U.g(r) one can study the character of the motion
qualitatively. One must then pay attention to the fact that ¢ changes sign
when r passes through the value ro = v/, P,/mS2. The result is orbits such
as the ones shown in Figs. 71a—e.' The different orbits occur when

(@) pp = 0, Upin < E < Uowhere Uy, is the minimum value of U, g(r)
and UO = Ueﬂ(rO);

(b) p, = 0, E = Uy,

©) py = 0, E = Us;

@ p, < 0;

(e)p, = 0.

In the last case the particle falls into the centre in the first loop.
Let us consider in somewhat more detail two limiting cases. Equation
(1) can be written in the form

Py f dr
p=—2= —&t
\V'2m J r2A/E+pQ+alr—p22mrt—mQ2re)2

We may thus describe the effect of the magnetic field as a change in the
energy to E' = E+p,Q and an extra term in the potential U = —a/r
which is 6U = tm(22r?, each of which leads to a precession of the orbit,
and also as an additional precession with an angular velocity —£. If the
magnetic field H is sufficiently small, the term dU can be considered to be
a small correction to Up = (pZ/2mr?)—a/r, provided the following condi-
tion is satisfied,

(2

OU(r) < | Ug(r)|, 3)

for the whole range of the motion. The precession velocity caused by 6U
can be found from
, _ 0dyp 1 9o
@ = T < T_BE (I(8U)), (C)]
where the averaging of dU is over the motion of the particle in the poten-
tial Up with an energy E’ and an angular momentum p,, while T is the

t As we are only interested in a qualitative study, using the shape of U.y(r) we can

use the same approximate treatment as in problem 2.28. Of course, the exact form of the
orbits is different in the two problems.
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period of that motion (compare problems 2.17 and 2.18). If we perform
the calculation (to evaluate (8U) it is convenient to use the variables
used in problems 2.18 and 2.19; since the period in the potential U, is
independent of p, we can take T from under the differentiation sign in (4)),

we get
& =-3Qp,2|E'|; )

we can assume 6U to be a small correction if apart from (3) also the condi-
tion 64p < 2= is satisfied, or
]

Qp,ar/m|E'| * < 1. (6)
It is, of course, impossible to consider 6U to be a small correction when
E’ = 0, as in that case neglecting 6U may introduce a qualitative change
in the character of the orbit. The quantity £’ may turn out to be either
small compared to {2 or large. The sign of £’ is the opposite of that of p,,
that is, the direction of this velocity is the opposite of that of the motion
of the particle in its orbit. The direction of £2, though, is determined by the
magnetic field. The orbit is thus an ellipse precessing with the angular
velocity

Qprec = — 2+ 2", 0

To be more exact: the orbit is a fixed ellipse, if the system of reference
rotates with an angular velocity £2,,..., because it is possible that 2T 2 1.

It is interesting to compare the result obtained with the Larmor theorem
(see Landau and Lifshitz, 1962, § 45, and also problem 9.14).

Is there a case when although E is positive we can consider dU to be a
small correction ?

Let us now consider the case when the field U = —a/r can be consid-
ered to be a small correction. If U were not present, the motion would be
along a circle. Its radius a and the distance b of its centre from the centre
of the potential field can be expressed in terms of the maximum and mini-
mum distances of the particle from the centre of the potential,

. _ E+pQ+V(E+2P,OE

1,2 — mm (8)

There are now two possibilities (see Fig. 72), depending on how the circle
is placed with respect to the origin. If p,£2 < 0, case (a) occurs, and if
Pof2 = 0, case (b) occurs. In both cases we have

b2 = (E+2p,2)2mS®, a* = E[2mQ, ©)
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(a) 0 (b)
Fic. 72

Taking U into account leads to a systematic displacement of the circle
(the so-called drift) while its radius and the distance from the origin which
are determined by a and b do not change, that is, its centre moves along a
circle of radius b. The angular velocity of the displacement of the centre of
the circle is

d
=~ (U),
r= %, U

where the averaging of U is over the uniform motion along the circle. Let
us restrict ourselves to the case when a < b. In that case we may simply
assume that

(U) = —afb, (10)
so that

y = a[2mQb3.

We note that in this case the linear drift velocity is equal to cE/H, where
eE = a/b? is the force acting upon the particle at a distance b (compare
Landau and Lifshitz, 1962, § 22).

2.30. The problem of the motion of two identical charged particles in
a uniform magnetic field can be reduced to the problem of the motion of
the centre of mass and the problem of the relative motion (see problem
2.23).

For the centre of mass coordinates we have

X = Rcos wt, Q)

Y = —Rsin wt,
where w = eH/mc.
The relative motion is the same as that of a motion of a particle of mass
m(2 and charge e/2 in the potential U = €%/r and in a uniform magnetic
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field H. This motion is similar to the one considered in the preceding prob-
lem (we need only change mto m/2, eto /2, and « to — €2 in the formulae).
Let us restrict ourselves to the case where the radius a of the orbit is small
compared to the distance b from the centre of the potential (Fig. 72b). We
can easily find the frequency of the radial oscillationsto a higher degree of
accuracy than was done in the preceding problem, by expanding

1
mr2 16 ——2—p¢w

in a series in the vicinity of the minimum where r = b (see Landau and
Lifshitz, 1960, § 21).
From the condition U g(b) = 0 we get

2.)2h2 2h ~ 2 _ =
‘/ m2w?bh? — meb 2mb (2(0 y), Y

and we thus get finally for o, = V/2U 4(b)/m the result ©, = 0 — 3y,
and for the separation of the particles

r = b+acos (w,t+a). 3)

1
eﬂr(r)— - - p,,, +-— mw?r?

2e2
mab3 ’

()

To find () we apply the principle of conservation of generalised mo-
mentum to p, = §mr¥¢+4w). Using (2) and (3) we get

P(t) = —pt —% sin (@, +a)+@o. Q)

Using (3) and (4) we get for the relative coordinates (§ = o— @)

x = rcosg = b cos (yt —@o)+acos (wt+ 3yt +p), )
y = rsin @ = —bsin (yt —qo) —a sin (wt + 3yt +p).

The first terms here correspond to the motion of the centre of the circle
with a drift velocity by, and the second terms to the motion along this
circle with an angular velocity w+ 4y. The coordinates of the particles,
X1, 2 = Xt 3x, y1,, = Y £ 3 can be written in the form

X1,2 = £ 5b cos (Yt —@o) + 01, 2 COs (0t + 1, 2),

) (6
y1,2 = F 3b cos (pt —po) —@4, 2 sin (01 + 1y, 2), )

where

01,2 =V R*+Fa? +aR cos (3y1+h),
+asin (3yt+h)
2R+acos (3yt+f8)

tany,; ¢ =
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The centres of the circles along which the particles move rotate thus
around the origin with an angular velocity y (a drift velocity by/2) while
their radii oscillate with a frequency y/2 (Fig. 73).

—_———-——

P -
7 ~
/7
/
/
/
]
o
/
/
/
/
/
~ 7 ~
Fic. 73
2
FiG. 74

Another limiting case when a > b (distance of the centre of the orbits to
the origin small compared to the radii of the orbits; Fig. 74) may give a
clear insight into the mechanism of energy “exchange”. The work carried
out by the force of the interaction on the second particle is clearly positive,
while the work carried out on the first particle is negative, when taken over
many periods.
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2.31. One can easily prove that the given quantity is a constant, by using
the equation of motion (compare Landau and Lifshitz, 1960, § 15), and
writing this quantity in the form (4-F)+ L([FAr]-[FAr]), where 4 =
[o AM]—ar/r. For small values of F the orbit will be close to an ellipse
with its semi-major axis along the direction of the vector 4 and with an
eccentricity e = | A |/«. In this case (4 -F) = constant, or e cos y = con-
stant, where » is the angle between A4 and F.

2.32. When there is a small extra term 6U(r) in the potential energy, the
quantities characterising the motion of the particle, such as the angular
momentum, the pericentre position, ..., change, although they do not
change their values appreciably over a short time interval (a few periods
of the unperturbed motion). However, these changes may add up over an
extended time, so that some of the quantities may happen to change by
large amounts.

In particular, the orbit remains elliptical for a short time interval. Its
semi-major axis, a = «/2 | E|, which is determined by the energy, does not
change over a long time, while the eccentricity e = 4/1—[M2/maa] and
the orientation of the orbit are both liable to secular changes.

(a) The change in the angular momentum is determined by the equation

M = [r\F]. (1)
Averaging (1) over one period, we obtain
(M) = [(r)NF], ()]
where
1 T
= t)dt. 3
=g ro )

For the averaging we use a coordinate system with the z-axis parallel to
M and the x-axis parallel to 4 (Fig. 75). (Here A = [o AM]—ar/r is an
additional integral of motion in the Kepler problem. The vector 4 is
directed from the centre of the potential to the pericentre, and | 4| = «e.)
Clearly, —(r) is parallel to the positive x-axis.

Making the substitution x=a (cos é —e), t = (T/2n)(§— e sin £), we get

(x) = 2‘:_1 fo > (cos & —e)(1 —cos &) dE = —% ae. ©)
Therefore
3 A 3aA
<r>=——2-ae-|—A—|- ='—2—a . (5)

104



2.32 Answers and Solutions
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(b) If F is at right angles to M, it is obvious from symmetry considera-
tions that the orbit lies in a plane and the vector M retains its direction
— apart possibly from the sign.

Omitting the averaging sign we can write (2) and (5) in the form

M = 3ae Fsiny, (6)
where p is the angle between A4 and F. Using the fact that

ecosy = ¢ = constant O]

(see problem 2.31) and eliminating e and y from (6) we find

.3 , M’
M= 2aF‘/1—e—mAaa. (8)

Integrating equation (8) we get

M = Mycos (Q2t+8),

)
e = \/l —(1 —62) COSz(Qt+ﬂ):

where

Q= 3F+v/alma, Mo=+/maa(l —e).
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2.32

The orbit is thusan ellipse which oscillates about the direction of F with
an eccentricity which changes in tune with the oscillations (Fig. 76). The
direction of motion along the ellipse also changes — together with the sign
of M. The period 27/ of the oscillations of the ellipse is much longer than

the period T of the rotation of the particle along the ellipse.

FiG. 76

(c) In the general case we consider also the change in the vector A.

Using the equations of motion, we easily get

A= %[F/\M]+[v/\[r/\l"]].

For the averaging in (10) we use the equations

o~y = 2.
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As a result we get
. 3
4) = W[F/\ML (12)

We have thus for M and 4, averaged over one period (in the following
we omit the averaging sign), the following set of equations

A= 2 [FAM),
2m
(13)
. 3a
M= S [FAA]
The components of these vectors along the direction of F are conserved :
(M-F) = constant, (A4-.F) = constant. (14)

(The same result could also easily be obtained from other considerations.)
For the transverse component of M,

(15)

we obtain from (13)
MJ_'{'S?ZM_L:O. (16)

In a coordinate system OX;X2X5 with the X;-axis parallel to F we have
for the solution of (13):

M, = B;cos Qt+ CysinQt, (17
My = Bycos 2t+ Cqsin £t.
We then obtain from (13):
A= 2 Q (Bysin 2t —C,cos Q21),
(18)

3F
= -—— (Bysi — Q).
A, Im0 (B, sin 2t —Cq cos 2t)

As we should expect, the constants B, ,and C, , are determined by the
intitial values of the vectors M and A.

The end point of the vector M describes an ellipse with its centre on the
Xs-axis and lying in a plane u which is parallel to the X1X,-plane (Fig. 77).
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The end point of the vector 4 also describes an ellipse with its centre on
the Xs-axis and lying in a plane o which is parallel to u; this second ellipse
is similar to the first one, but rotated over an angle n/2: 4 remains thus at
right angles to M all the time. The plane of the orbit is perpendicular to M,
and the vector A4 determines the direction to the pericentre of the orbit.

X3

Fic. 77

The plane of the orbit thus rotates (precesses) around F. The angle be-
tween the plane of the orbit ¢ and F oscillates about its mean value. The
eccentricity and the angle between the projection of F upon the plane o
and the direction to the pericentre also oscillate about their mean values.
All these motions occur with a frequency Q.

We should bear in mind that we have neglected those corrections in F
which are of first order but which do not lead to secular effects. Our solu-
tion is valid for a time interval of the order of several periods of the orbital
precession. '

The reader should check whether the inclusion of the next approxima-
tions will lead to a qualitative change in the character of the motion (for
instance, to a possible departure of the particle to infinity).! The exact
solution of the problem of the motion of a particle in the potential
U = —a/r—(F-r), which can be given [in parabolic coordinates (see

t Such a case is possible in quantum mechanics and is called “field emission”,
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problem 12.12b) shows that such effects do not take place if E is fixed
and negative and if F is sufficiently small.

It should be emphasised that the appearance of secular changes of the
orbit under the action of infinitesimal constant perturbations is connected
with a degeneracy of the unperturbed motion.

See problem 12.12b for a solution of this problem for arbitrary F.

2.33. The Lagrangian of the system,

L e @ e [MAr]
L—2mr+r+c(r ‘-—ra—-—), (1)

is the same—apart from the notation—as the one considered in the prob-
lem of § 103 of Landau and Lifshitz (1962).
The equation of motion of M is the following one

M‘ —5 [MAM]. (2

To average eqliation (2) over one period of the unperturbed motion, we
introduce again the eccentric anomaly (ter Haar, 1964, p. 131):

T .
r=a(l—ecosé), t= S (£ —esinb),

where a and e are again the semi-major axis and the eccentricity of the

unperturbed ellipse.
We then find
T L S W R SO
TJ, r3 2aa3 J, (1 —ecos £)? a’(l—e2)%
and hence

e[MAM]

<M> = 3
mea®(1 —e?)*

3

that is, the vector M rotates with constant magnitude around the direc-
tion of the dipole.
A similar calculation for the vector B gives

s [BAM+— sz (M- )M Ar], 4

109



Collection of Problems in Classical Mechanics 2.33

and averaging this equation leads to

(B) = [B\R], )
where
Q= —%T (W —3n(n-n')) (6)
mea’(l —e?)z
with

n=M||M|, n' = MM

In deriving (5) we have used the fact that {r/r5) will be along the major
axis of the ellipse, that is, parallel to B. From (5) we see that the vector B
rotates with constant magnitude with an angular velocity €2.

Equation (3) can be written in *he form

(M) =[M/\Q), 0)

that is, & is the precessional velocity of the orbit.

3. SCATTERING IN A GIVEN FIELD. COLLISIONS BETWEEN PARTICLES

3.1.(a) It can be seen from Fig. 78 that the angle of deflection of a par-
ticle is twice the angle of the slope of the tangent to the surface of revolu-
tion at the point of collision. We have therefore

1, do b z
»2—0_dz _~acosa.

Hence we have

FiG. 78
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and thus
2,72,
do = n|dp?| = nma®tan 3 0 d01 __ad u: .
cos2 50 4cost 50

The possible deflections of the particle lie within the range of angles from
zero, as ¢ —~ b, to 0,, = arctan (b/a), as ¢ -~ 0. We have thus
o — fa?sect 30d%w, when 0 <6 <0,;
0, when 0, <§.
(b)

1 b(a+/tan (0/2) —b) d2w/sin® 1 Osin 0,

do = 2
7 when 0<0<0,,,=2arctan(%);

0, when 0,<0§6.

(c) do = A=2=1(n tan 46)"+1/¢=D g2 [2(n —1) sin 0 cos? 10.

3.2, 1t is the paraboloid of revolution p? = az/E. The reader should
check whether the trajectories of the particles scattered by the potential
U = —a/r and those of the particles scattered by the paraboloid approxi-
mate one another as r — oo,

3.3.
242 1lp__ _ 1
[ anl (ncos 50 —1)(n C1OS :0) +%a2] dw,
do = )L dcos 30 (14 n%—2ncos50)
when 0 <0 < #0,,=2arccosn,
0, when 0, <0 <m,

where n=/1-(V/E ). Why is there a difference between this scattering
cross-section and the one for scattering by a potential well (see Landau
and Lifshitz, 1960, § 19, problem 2)?

34. (a)
B & 219 4.
- ”(f_ 4E2)’ when E >a?/2f8;
0, when E <a?/28.

How does the cross-section change, when « changes sign ?
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(b)

y B - .
o n(z‘/f_f), when E > f2/dy;
0, when E < f§%/4y.

3.5. (a) We first of all consider the motion of a particle in the potential
U = —a/r". The behaviour of U.g(r) = (Eo?/r*)—(a/r") for different
values of the impact parameter g is shown in Fig. 79. The function U,g(r)
reaches its maximum value,

U = %a(n—Z) (

na \ (-2
r=r,= (Zng) .

When E < U,, (curve 1 in Fig. 79) the particles are scattered in the poten-
tial U = —«/r", and the minimum distance from the centre r;, which is
determined by the equation U.g(r) = E decreases with decreasing o. When
o is further decreased the condition U,, < E is satisfied (curve 3 in Fig. 79)
and the particle can fall into the centre of the potential. This condition is

2 EQ2 n/(n—2)
ne ) ’
when

- Uo"

FiGc. 79
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satisfied when
0* < g} = n(n—2)="(w/2E)"

The cross-section for particles to hit a small sphere with its centre
located in the centre of the potential is determined by different conditions,
depending on the ratio of the radius of the sphere, R,and the value of r;,
reached when E = U,, (curve 2 in Fig. 79). This latter value, ro, satisfies
the equation

Fmin=ro = [2E(n—2)/x]'/".

If R < ro, only those particles which fall into the centre of the potential
U = —a/r" will hit the sphere, and the cross-section will be ¢ = 7p?.

However, if R = r, all particles for which r,;, = R will hit the sphere
and in that case

— 2 R2 *
o =aR (1+ER")'

(b) ¢ = %[24/y/E—(B/E)] provided both 2V/ yE > § and ER* > y;

otherwise
— ZR? v _B
o =ak (1+ER4 ER2)'
3.6.
2,
o= ! Re L{wz,
4 (14 Asin250)

where 1 = 4ER(RE+a)/a2. How can one explain the result which one ob-
tains when «/RE = —27?
3.7.
1 ( E \? dw V
do=—|=) —m——, < —.
V) V/1-(E6[V)

2
3.8. One can easily evaluate the angle of deflection of a particle, using
a general formula (it is simplest to use the result of problem 2 in § 20 in
Landau and Lifshitz, 1960), and we have

3np _ _ma
4Fp*  2Eg?

0=] . ¢))
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The function 6(g?) is shown in Fig. 80. From (1) we find
) _ T b _
% = 1gp [V” 0, ‘] ’

;T _,9_]
%3 = 2Ey [lﬂ/' b )’

where 0,, = ma?/12EB.
For the cross-section we have

do = n(|dp?| +|dp}| +|do3|) = md(—e}+ 05 —03)
_ me 1+0/26,, + 2—0/0,,,77 1 2.
4E9® | \/1+6/6,, A/1—-0/0,

This result is valid provided each of the terms in (1) is much less than unity.
An estimate shows that the condition 0 < 1 is sufficient for this. Equa-
tion (2) is obtained when 6 < 0,,. If 0,, <1 and 0,, < 6 < 1, we have for
the cross-section

do = x|dg?| = =% [ 1+6/20m_ -1]d2w.
4F0® | \/1+6/0,

Figure 81 shows how do/d2w depends on 0. The differential cross-section
becomes infinite both as 6 — 0 and as 6 — 6,,. The total cross-section for
scattering into a range of angles adjoining 6 = 0 is infinite as the small-
angle scattering corresponds to large impact parameters.

()
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FiG. 81

The total cross-section for scattering into a range of angles 0,6 = 6
= Om,

m—0 d2w ZEO,%,
is finite, and tends to zero as é — 0.
What is the relation between the number of scattered particles reaching
a counter and its size, if the counter is located at an angle 6,,?

1
0 20 5%
f 2n % Gnodo = ’1—“6—,
0,

3.9. The velocity of the particle after scattering is at an angle

to its original direction. A counter registers particles scattered over an
angle | 0| < m together with those particles which have made several revo-
lutions around the scattering centre (Fig. 82a). The observed angle of
deflection g lies in the range 0 = y = x and satisfies the relation

—0 =2nal+y, )

where / = 0, 1,2, 3, ... corresponds to the upper sign in (2)and/ = 1,
2,3, ... to the lower sign in (2). From (1) and (2) we have (see Fig. 82b)

2 -y e __ 1
¢l £) =a*+ 2 (2nl;|:x 2al+2n+y )
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P(X.0.+)

=S
<.

6.X

AL PO P(1.0.7)
I

(b)
FiG. 82

The cross-section is
do = nlgoldf(x, I, +)I+7r,21 IdoXy, I, —)!.

Using the fact that

dy ’ dy ’
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we find that

do=md| - § ot 0+ E e )] = T ()
=) =1 ) 2 X 2n—y

7!(12(22512 —2my + 212 dw.,
2422 —y)?sin x

3.10. (a) One sees easily that the condition E > V means that the angle
over which the particle is deflected during the scattering is small. The
change in momentum is

+oo0 o
Ap = — gg } U(p+ot)) dt = ZV—;/ﬂ xe=*,

where x = xp. The angle of deflection is

_Adp _ VV=a
0—7 = 'E-,— xe (1)

We cannot solve equation (1) for x in analytical form. However, from the
graph of the function xe=** (Fig. 83) we see that equation (1) has two

2

Hp — — —_— — — —

X|l—- —- —_- - - -
fSef-—-— —— b ————

FiG. 83
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Vil o
"<”m-fl/z~

Using equation (1) and the relation

VA n
)= —F—

roots when

(1 —2x¥e-**dx
we can write the expression for the cross-section

2
do = (| o3| + | dgd| ) = ;’21 (xy dx, —x, dx,),

in the form
_ dw x} x3
do = s (*z“xg:f - ‘r;z;g‘)-
When 6 <« 0,,, it turns out that x, << 1 and x, < 1, so that do = d%w/2x262,

When 6,,— 0 < 6,, we can solve (1) by expanding xe~** in a series near
the maximum. We then get

1 + \/Gnl —0
X1,2 = — = )
V2
and hence
d*w
do

B
Figure 84 shows do/d?w as a function of 0. The singularity at 6 = 6, is
integrable (compare problem 3.8). Discuss whether the presence of the

singularity in the cross-section at 6 = ,, is connected with the approxima-
tions made in the solution of the problem.

b) do — d’w (x1+x§ _x2+x§)

Tl \1-2x1 ' 2xa—1)
where
_ Xuz _ (2E6)?
(1+x1_2)3 - (ﬂV ) ’
nV Vd2w
When 60«6, = 3EA3 we have do = BT
742
When 0,,—0 <0, we have do = V7d*

203,/ 1--(82162)
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3.11 Answers and Solutions

Om
FiG. 84

3.11. (a) A particle with a velocity ¥ before the collision will have a
velocity ¥V’ = V—2n(n-V) after the collision, where n is a unit vector
which is normal to the surface of the ellipsoid. Using the relations’ ¥ =
V (0,0, 1), n = N-1([x/a?], [y/b?], [2/c®]) we get

O]

., —2xz  =2yz 222
V= V(N2a2c2 > N2b2c2’ 1_Nzc‘)'

Introducing polar coordinates with the axis along ¥V we can write V' =
V(sin 6 cos ¢, sin 6 sin @, cos 0), and from (1) we then have

_a¥y _ 222 can 22 \P (X2 y?
tan = bz—x, COSO = I—W-, sin 0 = (—Nzcz) ('a‘—i‘"b—‘). (2)

For the cross-section we have

o(x, y)
30, 9) | P %

do = dx dy =

where the dependence of x and y on 6 and ¢ follows from (2) and from the
equation for the ellipsoid.
To evaluate the Jacobian it is convenient to introduce an auxiliary vari-
able U such that
x=a*Ucosp, y=b?Using.

t We know from differential geometry that noc v (x¥/a?+y*/b®+ z%/c2—1), while N
is determined by the relation a2 = 1.
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Collection of Problems in Classical Mechanics 3.1

From (1) and (2) it then follows that

2zU 222

Bt 1-— 0—._2_ t 0_
N2’ CoS = NA® an -

V4
inf = - <
sin > = Ut

and from the equation of the ellipsoid we find
U~2 = a? cos? p+ b2 sin? ¢+ ¢? tan? 36.
Moreover, we have

a(x,y) _ 3(x,y) 3(U,¢) _ a®? dU2
30,9) 3(U,¢) 306, 9) 2 6

We thus get, finally,
a%b%c? d?w

do = .
4 sint 16[ a? cos? g+ b? sin? ¢ + c? tan? 162

What is the limit which we must take to obtain from this result the
cross-section for scattering by a paraboloid ?

(b)
y — a?bc? d*w
"~ cos® 0[a? cos? p+ b2 sin? p+ ¢ tan2 0]2

(©)
_ cos 0 a%h%c?d*w
"~ sin4 O [a? cos? @ + b? sin2 p+ 2 cot2 6]

3.12. (a) The change in momentum due to scattering is

_ t=9U(r(1))
Ap__f_,., . 1)

For small angle scattering we can substitute in the right-hand side of (1):
r(t) = p+ot (o Lv)and thus we have'

oo .
Ap = —a—apf U(p+ot)dt = —% %. 2

t Differentiation with respect to @ rather than with respect tor (where P Lv..)
means that the formula obtained for 4p determines only its components perpendicular
to v, .
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3.13 Answers and Solutions

Let the z-axis be parallel to v and the y-axis at right angles to a. We then
have
_ T & _ T8x 0x0y
Apx - v Qs ’ y - ) 93 . (3)
The direction of the velocity after the scattering can be characterised by
two spherical polar angles:

tan¢p=%’, 0=—p—. @

It is clear from (3) that scattering only occurs when 17 < ¢ < 3az.
From (3) and (4) we then have

_ , Tax sin @ cos @ _ - Tax cos?
Ox = 2E 0 ’ Qy - 2E 0 . (5)

For the cross-section we find

do = Y, do. g, = z’ B, ©) | 4y g

o0, 9)
_ (E“f)2°052¢dzw. (6)

E 264

The summation in (6) is over the two possible values of p (see (5)).

(b)

|a_|_|d2(-0

E 0

do =

The cross-section turns out to be symmetrical with respect to v, although
the potential is by no means symmetric with respect to this direction; @,
is the component of a at right angles to v...

3.13. The change in the angle of deflection of the particle is given by the
equation (see problem 2.17)

1 @ (= oU(r)dr
80(0) = —= 5~ .
O "F &) . Vicer—uoiE
We then find from the equation 6 = 0¢(0) + 66(p):

0 = 0o)—80(on®)) 2227

¢y
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Collection of Problems in Classical Mechanics 3.13

(see problem 1.8). The function 6¢(0) and hence the function po(6) are the
expressions obtained when 6U = 0. We then get for the cross-section:

W”"‘% =ﬂ‘de”(0) d (290(0)60(90(0))‘190(0))'

do
= % ¥ a5 () o) @
The sign in (2) is the opposite of that of dpe(6)/db.
® 6£ =n_ﬂi{n—0+200s%0}.
dd  E db sin 0 ’
©

d9  73+/BE do |A/02r—0)f
3.14. The energy acquired by the particle,

540 _ 2 _d_{ (n— ) }

+4p? _ p?
_ (3%& — g~ (0-/1p),

is to first order determined solely by the change in the longitudinal com-
ponent of the momentum. As we assume that the deflection of the particle
is small, we can (after differentiating) put r = g+ v(f —7) in the expression
for the force F acting upon the particle,

F= —vU(r,1).

Here g is the impact parameter and 7 the time when the particle is at its
smallest distance from the centre. Therefore we have

e = ([T F()dr) = ene cos g,
- [ 174512
m = '\/ﬂVz-;Z; e~ w4 , P = 0T,
and the scattering cross-section for particles with a given value of 7 is

when cos ¢ = 0 (cos ¢ < 0)

do {n/aﬂlel, when 0 <ée<e¢,cosp (0= &> ¢,co8Q);

de 0, when |¢| = &, |cos @].
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3.18 Answers and Solutions

In the incident beam there are particles with different values of 7.
If we average the cross-section over the phase @, using, for example, for

do €
¢ > 0 the formula <7d?> n ds de o = arccos = we get
< > {arccos(l |/em)[%%| €], when |e| < em;

when |e| = ¢,

dN _ A?sin 0 dO -V
N = cos30+/1—22tan%6’ 2VV0

0 = 0 = arctan 7%, if ¥V > Vo; n—arctan |A|1=0=a, if V < V.

3.16.

dN _ Y(Twax—T)(T—T,
'7\,‘ - (Tmax_Tmm)

Trin = %m(Vo— V)%,  Tmax = %m(VO‘l‘ V)

mis) yr T S T = Toars

3.17. tan 0, = cot 02 = «/Ep; E = ;mV?(see the problem in § 17 of
Landau and Lifshitz, 1960).
3.18. in=0=xm when m < my;
0 = 3, when my = my;
0=0<3n, when m;=>ms.
3.19. The velocity component normal to the sphere’s surface at the
point of impact becomes zero in the centre-of-mass system while the
tangential component V is conserved (see Fig. 85). The scattering cross-

section as function of the angle of deflection y of the particle in the
centre-of-mass system is

do = m|dp?| = 4na*|d cos? x| = 4a? cos y d*w.
To transform to the laboratory system we use the equation
Vosingy  sinycosy
Vocosy+V,  1+cos?y

tan 6 =

to find the equation
cos? y.2 = 3 cos20—1++1 cos 6 V9 cos26—8.
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FiG. 85

Taking into account the fact that there are two possible connections be-
tween y and 0, we get
do = 4na’(|d cos? y1|+|d cos? y2|) = 4ma® d(cos? y1 —cos? x2)
5—9sin2 6

= 4q? mﬁw, where 0 < 0 < arcsin %
—3J sin

If the spheres impinging upon those at rest are identical with them so
that there are no means of distinguishing between them after the collision,
we must add to the cross-section which we have just obtained the cross-
section

do’' = 4a? cos 0d?w, 0 < 0 < 1m,

which refers to the spheres which were originally at rest flying off at an
angle 0.

3.20. = Ipe=™x,
3.21. dN = onin, I Vi—V, I d3r dt.
3.22. (a) F,, = 2nmw?n j;’ £(6) (1—cos ) sin 6 df;!

(b) % = 27 (%)2,,1 f " £(6) sind 6 do,
0

where ! is the path travelled by M, v its velocity, and n the concentration of
light particles.

t The quantity I (do|d?w) (1 —cos 0) d?w is called the transport cross-section — as
distinct from the total cross-section f (do/d?w) d?w.
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43 Answers and Solutions

4. LAGRANGIAN EQUATIONS OF MOTION. CONSERVATION LAWS

4.1. Assuming that # = 0 when the particle is at x = 0, we find C = 0,
and from the condition that x = a at t = 7 we find that B = (a/7)— 47.
Substituting the function x(¢) = Ar2+ (a/t— A7)t into the action, we find

s = jo’L(x x)dt = |, (3mx®+ Fx)dt

1 ma? 1 1
- 234 34

From the condition that the action be a minimum, 85/04 = 0, it follows
that A = F/2m. It is clear that in the present case the orbit

T 2m (r 2m)

is exact. However, the only thing the solution given here allows us to state
is that this orbit in some sense is the best one among all possible orbits of
this kind.

In order that we can be certain that this orbit indeed gives a smaller
value for S than any other x(?), that is, that it is the true orbit, we must
verify that it satisfies the Lagrangian equations of motion.

4.2, xX=0vs—a, 0<t<ty=alvy;
x=Av22Vm(t—1)+a, to<t<r;
y = atfz;

where v, = (2aV/mt)% .

4.3. From the relation

£@.0.0) = Le@ 0, it.6,0,0 = L (.0 20+ 1)
we get

ddl _d ddL dLdd L _dLdg BL 3

dt d) 00 dr dj oG dt 80  ©Q 9dq oQ o 90

Bearing in mind that
of d oq

%0 " @30
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Collection of Problems in Classical Mechanics 43

we get
d oL BL

dt 30 90 @0 (dt o ogq
The validity of the equation

4 8L _ oL _
dt ¢ 9oq

= (1)

d oL BL)

thus leads to the validity of the analogous equation
daL oL _
a 30 90

If there are several degrees of freedom, we get instead of (1) the follow-
ing equation:

d oL oL _  dg (ia_L_ _3£)
dr 90, 00; 00; \dt dGx T
4.4.
do _ dq dt
L(Q’ 7;") —L( @ ’)E-
Here
_ dg _ dq dv dg _ oq dQ
9=49Q7 4= @’ &30 E{+
dt _ ot dQ +
dv = °Q dr
4.5.
1 X2 . dx
L = 5 m l+M‘—(l+Ax)U(x), X = e
4.6.

dg \?
This problem is a purely formal one. However, both this Lagrangian
and the transformation considered (“improved” by the introduction of

dimensional factors) have a simple physical meaning in the theory of rela-
tivity (see, for instance, Landau and Lifshitz, 1962, §§ 4 and 8).
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4.10 Answers and Solutions

4.7. From

oL :
P E =) PQO—L,
1= 5 Q' ; 1Qs

z aQ an Pk E'=E- Z,Pk af;‘ .

we find

4.8. Applying the formulae of the preceding problem, we obtain

@) p, =mi’' = p,, py=mr'g'+2) =p,, E =E—Qp,;
(b) px = Py cos 2t —p, sin O, )
P, = Py sin Qt+p, cos .

It follows from (1) that p’ = p, while (1) also gives the rules for the
transformation of vector components when we are changing to a coordi-
nate system which is rotated over an angle £2¢. Note that p’ = mvo’ (com-
pare Landau and Lifshitz, 1960, § 39).

4.9.
(@) E{ = E—~(V-P), where P;=P; =Y ps;
a

(b) E, = E—(V-P)—1V*Ym,, Pj=P—VYm,.

The two expressions for the energy differ by a constant. Usually, we
employ the second formula, as it agrees with the definition of the energy
in the theory of relativity.

4.10. Let g; = ¢,(?) describe the motion of the system (trajectory AB
in Fig. 85a). As the form of the action is invariant when we change to the
variables g;, ¢', the motion is also described by the equations g; = @y(¢').
If we express these equations in terms of the variables g;, ¢, we have
up to first order in ¢:

91— 01) = p(1)—dq,,

6ql = Ein(‘P(’)J), or = BX(?’(t)J)

(trajectory A’B’ in Fig. 85a). Small changes in the coordinates and the
time at the beginning and the end of the motion, when we change from
the orbit AB to the orbit A'B’, lead to the following change in the action:

oS oS B
Sa'p— SaB = [5;(—&)-!-2‘:'8?‘(-5%)] .
A

with
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Here we have (see Landau and Lifshitz 1960, § 43)
oL . oS oL _
-;B—q',q" = —E(1), Fral- pt).
On the other hand, according to the conditions of the problem S, g =S, 5.
so that
E(15) €X(qa> tA)— 2. P2A) €¥(a, th)

= E(tg) eX(qg, tn)—g pi(ts) e¥(gs, tp),

or,
EX-Y p¥; = constant.
i
q
B 8
N /
-3q
A
A
t
Fi1G. 85a
4.11.

; (41X YY) —LX+f = constant.

4.12. (a) The linear momentum;

(b) the angular momentum;

(c) the energy;

(d) M,+h/2np, = constant, where h is the pitch of the screw;

(e) Ex—p,t = constant: the integral of motion of the centre of inertia
of the system (see Landau and Lifshitz, 1962, § 14).

4.13. (a) The potential energy is U = —(F-r), and this energy and at
the same time the action remain unchanged under translations in direc-
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4.15 Answers and Solutions

tions at right angles to F or under rotations around axes parallel to F.
Integrals of motion are thus the linear momentum components at right
angles to F and the angular momentum component parallel to F. As the
Lagrangian is independent of the time, the energy is an integral of
motion.

The statement that different points in some region of space are “inter-
changeable” means that the value of the potential energy (but not of the
force) is the same in all those points. The space in which there is a uni-
form field is by no means itself uniform.

(b) The similarity transformation leaves the form of the action invariant
when n = 2. In that case

(p+r)—2Et = constant,

For instance, in the central force potential U = «/r?, if we write this
integral in the form mrr—2Et = constant, and take the relation

. 2 o M?

F= \/Tn‘ [E‘rf‘ W]
into account, we obtain the functional dependence r(¢) (compare Landau
and Lifshitz, 1960, § 15, problem 2);

(c) E—(V.p) = constant;
(d) (r-P)—2Et = constant, where P = mo+e[cA, if A(ar) = a~1A(r);
() E—p,22 = constant.

4.14. (Compare problem 4.12 (e).) mr— pt = constant. Is this integral
of motion the eighth independent integral for a closed system (apart
from E, M, and p)?

4.15. (a) Let the z-axis be parallel to H. A translation along the z-axis
or a rotation around it leaves the form of 4, and hence also the form of
the action, invariant. We have thus the following integrals of motion:
p. = OL[0z = mz and M, = xP,—yP, = m(xy— yX) + (e/2c)H(x%+ y?).
Moreover, the energy, E = ym(x2+ y%+2?) is an integral of motion.

(b) E = $m(x2+y2+3%), P, = my+eHx/c, p, = mz (compare prob-
lem 10.7).

Symmetry considerations allow us to determine various integrals of mo-
tion depending on the choice of a vector potential for a given field H.
However, the quantities E, p, = p;, M, and P, are all integrals of motion,
independent of the choice of 4.
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4.16. (a) E = zm(x2+y%+ %),

M; = m(xp —yx)+ ,  where the z-axis is taken

eM
eV X2+ )2
parallel to # (compare problem 2.27).

(b) From the symmetry properties of the given field we can obtain the
following integrals of motion:

p.=mi, M,=p,=mr¥p+eulc, E = tm(i*+r2p?+322).

However, the motion in this “field” is free-particle motion. Indeed, the
Lagrangian, L = Jmv%+eug/c, differs from the Lagrangian of a free
particle only by the total derivative with respect to time of the function
epplc.!

We note that in the case when p is a function of the time, p, and M,
remain integrals of motion.

4.17. (a) ¥+x = 0. The same equation could have obtained from the
Lagrangian Ly(x, X) = x2—x2. It is well known that if two Lagrangians
differ by a total derivative of a function of the coordinates and the time,
they lead to the same Lagrangian equations of motion. The reverse state-
ment is incorrect.

(b) ¥+ax+w?x = 0.

4.18. (a) In spherical polars the Lagrangian equations of motion for a
particle moving in a potential U are:

U _

m(F —rg? sin 0 —r6?)+ =

m(r2 + 2ri — r?p? sin 0 cos ) + %g =0,

m(r%p sin? 6+ 2ri¢ sin2 04 2r2 O¢ sin 6 cos 0)+%g =0.
We can easily write them in the form
mb,~ = F1
where the components of the force are the components of — v U:

oU 1 oU 1 oU
F=—% F="7 F= b op

t Of course, in this case we have H = curl 4 = 0.
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4.20 Answers and Solutions

Hence we have
o, = F—rg?sin2 6 —r62,
g = rf+2/0 —r¢? sin 0 cos 6,
0, = r¢ sin 0 + 2f¢ sin 6+ 2rf¢ cos 0.
(b)
o= L (40 _B\ds
" om (dt o4: aq,) dr?
oh .,
—hiql+228 ql hz Iaq'ql'
4.19. (a) The Lagrangian

3
=3m Y, gididy—U(@q),

iLhj=1

with
Bxk axk
X1=Xx, X , X3 = 2,
Z aq‘ Bq, 1= 2 =), X3 =
leads to the equations
Y gudetm 3 ou 1,2,3 (1)
m § + s, A = 1, 4 'y E
(o Bl mk Z . Kigrgr = ~ %4, (s )
where the

Ogsk , Og1s  Ogki
I,
MT2 ( oq o0 Gl aq,)

are the so-called Christoffel symbols of the first kind.
(b) Using the notation g,(x, f) = ¢t we can proceed as under (a) and

3 4
obtain the same formulae, merely replacing ) by Y.
1 1

What is the meaning of the terms in (1) which contain I'} 4, (k = 1, 2,
3, 4), if the g, are Cartesian coordinates in a rotating frame of reference
(see problem 4.8)?

4.20. The equations of motion are

—Ll = p4—@s, G2/C = pp—¢a.

We shall assume that the potential source is a capacitor with a very large
capacitance Co and that its charge at the time when ¢; = 0 is Q. The
energy of the system including the potential source and the inductance is

— (Q+ql)2 1 )
Eo - 2Co + .2 .
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Shifting the zero of the energy and considering the limit as Co— oo,
lim Q/C, = U, we get

C, -
E = E,—Q%2C, = Uqﬁ'%-eqﬂi' .

This is the form of the energy which leads to the Lagrangian given in
the problem.
Similar to this, the energy of a particle of mass m in a uniform force

field —F(¢) is zmx2+ Fx.
The same Lagrangian may be obtained from that of an electromagnetic

field including interactions between potentials and charges (Landau and
Lifshitz, 1962, §§ 27, 28):

L= 3% f (E2—H2)d3r+% f (A -f)dor — f podr = Sin f (H2— E3)dr.

(using Gaussian units).

Generally speaking the electromagnetic field is a system with an infinite
number of degrees of freedom. However, the fields inside the capacitor
and inductance are specified by the charge g2 or the current ¢.
Therefore the Lagrangian can be expressed in terms of the electric field
energy inside the capacitor as

U pogsy — 95
%‘EfEda"zc’

and in terms of the magnetic field energy inside the inductance as
1 2 — 1 32
o j H?d%r = 3 L4}

(Landau and Lifshitz, 1960a, §§ 2, 32).
421. @) L = .43 —(g3/2C)+ U(g.—q1);
(b) L = *.24*—4¢*2C;
% _ 6 (119)

— i 72 _l_ 32__
(C) L= 2 =21q1+ 2 angh 2C: 2C2 2C

4.22.
(a)L—Lm12¢2+ 1—,2'2+ml 08 __2 .
=2 2 ST TSP TR )
(b) L= Lm)'c2+l,2(x) 21 xx2+m x—f—
2 2 T LAl Yol
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4.23. Let ¢ be the angle of rotation of the frame around the AB-axis,
such that p = 0 gives the direction of the magnetic field; let 4 be the
current in the frame (the positive direction is the one from A to D). The
Lagrangian for the system is

L = 3ma*p?+§.L42+ Ha?g sin o.
The integrals of motion are the energy,
E = yma*p*+3.L4%, 1
and the momentum conjugate to the cyclic coordinate g which is associ-
ated with the total magnetic flux through the frame,

gf}' = L4+ Ha?sin ¢ = D,.
. The current through the frame is thus uniquely determined by its posi-
o j = (®o— Ha? sin g)/.L.
Substituting ¢ into (1) we obtain
E = 1ma?@?+ Ueer(p), Ueti(p) = (Po— Ha? sin 9)2/2.L. 2)
The problem of the system’s motion is thus reduced to a one-dimen-
sional one.

Let us consider the case 0 < @ < Ha? in more detail. The function
U.(r) for this case is given in Fig. 86. One sees that when E > Up,, =
(Do + Ha?)?/2.L the frame rotates and ¢ is a periodic function with period

R n/2
T = \/Zm a f —d___,)— .
—n/2 \/E - Ueff(¢)
When Uy, = E > (®o— Ha?)?/2.£ = U, the frame performs periodic
oscillations within the angular interval ; < ¢ < —¢;, where
Do—V2.LE

@1 = arcsin i ;
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the period tends to infinity as E — U, (see problem 1.5). When0 < E <U,,
one can have oscillations either in the interval p; < ¢ < @3 or in the inter-
val t—@s < @ < mw—q,, where
Do+1/2.LE
Ha? )
How will the character of the frame’s rotation change if one assumes it
to have a small resistance?

@2 = arcsin

4.24. (a) The equation of motion for the system can be obtained using
a Lagrangian with an additional term responsible for the constraints
(Goldstein, 1950, §§ 2-4)

L* = {tm(32+ 22) —mgz + A(z —ax?),
where 1is a time-dependent Lagrangian multiplier. The equations of motion
mi = —2Jax, )
mi—mg = A, )
together with the equation of constraint z = ax2, completely determine the
motion of the particle.

On the right-hand side of equations (1) and (2) there are the compo-
nents of the reaction force along the two axes: R, = —2Aaxand R, = A.
They can be rewritten in terms of the coordinate and velocity of the par-
ticle with the help of the equation of constraint as follows:

g _
R.=—2axR,, R.= %"Tﬁ—-—ﬁm
(b) mié—mg cos p—mr¢? = A,
mr%p +2mrfg +mgr sin p = 0,
r=1
The reaction force, A = mg cos ¢+ mlg? lies along r.
4.25.

L* = 1m(r2g2+ i®)+mgr cos p+ M —Q1);
A = 2mriQ+ mgr sin Qt is the generalised force (torque) corresponding to
the coordinaie ¢.
-aa—l; + i; qdiRi.
(b) Using the transformation which is the inverse of the one for the
velocities

4.26. (a) E = —

.S Oq
q‘ - kél an Qk’
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we obtain

Therefore one can find the forces R;interms of any generalised coordinates
if the constraint and friction forces are known in Cartesian coordinates.
In particular, if the friction forces are given in terms of a dissipative func-
tion, R, = —0F/0q,, the transformation of F is reduced to a change of
variables.

4.27. The equations stated in this problem can be obtained by eliminat-
ing the 45 from the following equations:

d oL oL
@ oG, g w PElonn
d oL oL

dr EI; --‘a‘}n‘ - -;9;1 Aﬂbﬂn’ n=r+l, ...,

The following relations must be taken into account:
oL _ 8L ¢ oL,

94,  04n <1 0ds

oL oL u S ai% .

=y = m -
g, 99, =1 m5+1 04s Oq, 9

Thus, the equations of motion for a system with non-holonomous con-
straints differ from the Lagrangian equations of motion although the
constraint equations permit one to eliminate certain coordinates and velo-
cities from the Lagrangian.

4.28. (a) Taking into account that g, occurs both in L, and in L, ,,, we
obtain the Lagrangian equations of motion

d 8L 9L, oL, oL,

- = + - , A4 n = 9n—Y4n-1» 1
df 3g, ~ 04, T 3(dgn)  3dgnyy’ = 0 (D

whence we findasa - 0
1oL, 8L 1oL 2L
a 8. °(0q/ot)’ a oqa oq ’
1 [ 8L, _ 0L,y _ 09 0.8
a [a(Aqn) a(Aan)] ox 8(9g/ox)’
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so that the equations (1) are reduced to the following equations:

0 oL +_8_i2__ _ oL 2
ot 0(0g/ot) ' ox o(dq/ox) ~ dq °

Here 0/0¢ and ©/0x should be applied to the function g(x, ¢) and its de-
rivatives. For a continuous system the variable x indicates a fixed point
on the string.

We do not consider the physical consequences of the equations (2)
since systems with an infinite number of degrees of freedom are the subject
of field theory, but not of mechanics (see ter Haar, 1964, Ch. 8; Landau
and Lifshitz, 1962, § 32).

_ 8L g
(b) E = f{a(aq/ar) 5—.2} ox.

4.29. The Lagrangian is

L= % mo2—U(r)+ % (A(r)-v),

where A(r) is the vector potential of the magnetic field, H = curl 4 (of
course, A(r) can always be taken as a homogeneous function of the coor-
dinates of degree n+1). If as a result of the similarity transformation,

1-1k ...
r—ar,t—~a 1 t the transformation of the vector potential is the same
as that for the velocity, that is, n = —;-k, we have L — a*L. Therefore, the
equations of motion remain invariant after this transformation and the
principle of mechanical similarity holds (see Landau and Lifshitz, 1960,
§ 10).
It is clear that the principle of mechanical similarity remains valid for a

magnetic field if it is constant in space and if its value changes by a factor
1

1 .
a®  under a similarity transformation (see, for example, the following

problems about an oscillator in a magnetic field: 2.27-2.29, 6.23).
4.30. The kinetic energy of the system is
T= Z%mavga
a
so that
oT d .
2T = Z (a—va' . 0,,) = (Z ma(va"a)) - Z (ra-mgv,).
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The term (d/df)(}.my(v,-r,)) which is the total time derivative with
respect of time of a bounded function becomes zero after averaging over
large time interval (Landau and Lifshitz, 1960, § 10). Substituting

into the second term and averaging over the time we obtain
(o (#E G rened) ) = ko)

where the pointed brackets indicate the time averaging. In particular, if
the magnetic field H does not change with time and e,/m, = e/m, we have

AT+ -5 (H-(M) = KU),

where
M = Ym[r,\v,)

is the angular momentum of the system.

5. SMALL OSCILLATIONS OF SYSTEMS WITH ONE DEGREE OF FREEDOM
5.1.

Va? F\2
(a) w? = m 1—(7,;) 5

a minimum in U occurs when F < Va.

8w Vat , (I(3/4)\?
(b) 0? = 5 7)‘3 (m)—) ,

where the amplitude x, is determined from the equation
E = 1m3®+ 3 Vatxt = }Vatxd.

5.2. The Lagrangian of the system is (see Landau and Lifshitz, 1960,
§ 5, problem 4):

L = ma?[6%(1 +2 sin? 6) + 22 sin? 6+ 203 cos? 6],

where we have introduced 22 = 2g/a.
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When 2 > 2, the potential energy of the system, U = —ma?(§22 sin2 0
+ 202 cos 0) has a minimum when cos 6, = 22/22. Expanding U in the
neighbourhood of 6o, and in the kinetic energy putting

1+2sin20 = 1425sin2 o = 3 -2 (2o/Q)* = M[2ma?,

we get
L= M52 —Lux?,

where x = U"'(00), x = 6—0,. Hence we get

o % _ 1 —Q4/64
=31 = P3000

When Q > €2, the oscillation frequency is proportional to the angular
velocity, o = Q/\/ 3 and 0o =~ n/2; when 2, small oscillations
occur with a frequency w—0and 6,—0.

If 2 < £, one can consider oscillations near 6o = 0 for elastic colli-
sions of the lateral partlcles w?=Q2—Q (Q < Q).

If Q = £, U has a minimum at 00 = 0 and in the neighbourhood of it,
we can write U = ma®Qf(—2+ }6%), that is the oscillations are non-linear
in an essential way. Retaining also in the kinetic energy terms up to the
fourth order, we get

A 1+26%d0
Z=T=
Sf VBOL = 0%

Here 0,, is the amplitude of the oscillations (see Landau and Lifshitz,
1960, § 11, problem 2a).

5.3. w? = (3g/R)(1—x3), where x, = v/ (¢¥/8mgR)®.. When xo > I,
the point A is a position of stable equilibrium, but for xo < 1, it is
unstable. The position of stable equilibrium gq for xo < 1 is determined
by the condition sin $po = Xo.

5.4.r =ry+acos w(t—1,),
¢ = po+ LAt —to) —(2a/ro)(22/w) sin w(t —to),

where ro, o, a, and ¢, are integration constants (a < ro), and

0= V e Lt B O
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5.5. At the point 6 = 0, the effective potential energy
M

Uenl) = 5 oo

—mglcos 0
(Landau and Lifshitz, 1960, § 14, problem 1) has a minimum, so that
Ues(60) = 0.
We thus obtain
m?l3g sin? 0,

M? =
z cos O,

b4

and the frequency of small oscillations is

_ Uik(6o) _ ‘/g 1+ 3 cos? By
(6o) = 1/ miz ~ VI cosB,

cos 0,
For this calculation to be applicable the condition
3 Uet(80) (40 > | Ue'(Bo) | (463,

with 40 the oscillation amplitude, must be satisfied. If 6 ~ 1, it is satis-
fied for 40 < 1. If, however, 6y < 1, we have U.g(6p)oc1/6y, and the
oscillations in 0 can be considered to be small only when 46 < 6. The
result obtained, w = 24/g/l, is nevertheless valid also for 46 ~ 6o, when
the oscillations in x and y are no longer harmonic. Indeed, in this case
small oscillations with frequency 4/g/l occur along the x- and y-axes,
that is, the pendulum moves along an ellipse executing two oscillations
in 6 for each revolution (Landau and Lifshitz, 1960,§ 23, problem 3).

5.6. The effective potential energy for radial oscillations of the molecule
is

Ut = 1mod(r —ro)>+ M22mr2,

where r is the distance between the atoms and m the reduced mass. The
extra term which is assumed to be a small correction leads to a small shift
in the equilibrium position ér, = M?/mPwiry. We determine the shift in
the frequency by expanding U.g in a series near ro+ 0ro:

1 M2 3M?
=~ me(r—r—8r R+ -2 L2 o _8r )2
Ug = 5 mad(r —ry—0rg)®+ Jmrd + Zmrd (r—ro—0ry)>

We get from this a correction to the frequency:
dw = 3M?[2miwyr.
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5.7. (a) We get for the displacement from the equilibrium position: x =
Xy €08 @+ (%o/w) sin wt = v/ [x2+ (Xg/w)E] cos(wt+¢), tan ¢ = — Xofwxo,
w? = 2x/m.

(b) Let the tension in each spring be f. For small displacements
ly| < A/fl/», where I is the separation between the points where the springs
are fixed, the oscillations are harmonic, y = 4 cos (wt+¢), and
w? = 2fml. When f = xl, the oscillation frequency is equal to that in
part (a). In the case of springs in which there is no tension (f = 0) the
oscillations are non-linear, the restoring force is F = —»yp3//2, and the
frequency (compare problem 5.1b) is w = [V/al'(3)/I'(+)1/ 2¢[m (y,,/]),
where y,, is the amplitude of the oscillations.

If the mass can move in the xy-plane, its motion—for the case when
f # 0and x and y are small-—consists of harmonic oscillations along the
x- and y-axes with frequencies w? = 2x/m and w? = 2f/mli, respectively
(see problem 6.3).

5.8. Let y be the coordinate of the mass reckoned from the upper sus-
pension point, and 2/ the distance between the two suspension points. The
Lagrangian of the system,

m,

2
L= _lAm}',z_%(y._l)2+mgy = mp?—x (y—l— 25) +constant,

2

N —

describes a harmonic oscillator with frequency w? = 2x/m and equili-
brium position yo = I+ mg/2x, so that y =yo+ A4 cos (wt+¢). If we take
the displacement from the equilibrium position as coordinate, we can
eliminate the gravity potential from the Lagrangian.

5.9. For the angle between the pendulum and the vertical we have

a2 cos 2t 0
= KE a2 « |g-I2|.
5.10. The result
= dg _ Usgsin (0t —¢) tan g = w.f —Rl JoC ,

~dt \/Rt@L—1/aCE’

can be obtained by solving the Lagrangian equations of motion for . The
Lagrangian of the system is (see problem 4.21) L = 1 _24%—¢?/2C, and
the dissipative function is equal to }R4? (compare Landau and Lifshitz,
1960a, §§ 48, 32).
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5.11. The general solution of the equation of motion (see Landau and
Lifshitz, 1960, § 26)

X+ 20% +wix = gcos pt,

under such conditions that w? = w}— A2 > 0, has the form

x(t) = e=*(a cos wt+b sin wt)

F .
oy aimye) (@87 cos y—2Aysinyr],

+
ml(wf—y

where a and b are constants to be determined from the initial conditions.
If we put x(0) = %(0) = 0, we find finally

- F 2 .o A
x(t) = P (e Wy {(wo y?) (cos yt —e~* cos wt)
2 2
+23[sin yt—%zl ¥ sin wt]}. )

Let us study this solution in the region near resonance,y = w+¢, |¢| < w.
If there is no friction at all, that is, 2 = 0, the motion of the oscillator
near resonance will show beats:

F ., .

X =— p—_—, sin 5 €7 sin wot, 2
where the amplitude and the frequency of the beats are determined by
how near resonance we are (Fig. 87a). However, when y = w,, that is, at
exact resonance, we get by letting ¢ -~ 0:

x = —(F[2maw,)t sin wet, 3)

that is, we get oscillations with an amplitude a(f) which increases indefi-
nitely as a(?) = (F/2mwy)? (see Fig. 87b).

When there is even a small amount of friction (A4 < w¢) the character of
the motion changes qualitatively. From (1) we get easily in the case when
A < |¢| instead of (2)

x(t) = —

T V' 1—=2e=%cos et —e=2¥ cos (wot+1(1)).  (4)
0
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(a) (b)
FiG. 87

Here ¢1(?) is the phase of the oscillations which changes slowly with time.
The amplitude of the oscillations oscillates slowly with a frequency ||
about the value F/2mwo | ¢ |, gradually approachingthat value (see Fig. 88a).
It is interesting that during the transient stage the amplitude may reach
twice the value of the amplitude of the steady-state oscillations.

When || < A< wy,

X(0) = 5 (1 =€) cos (ot +90) ®

In that case we have a transient process with a smoothly increasing
amplitude which asymptotically approaches the value F/2mwoA which
is determined by the friction coefficient 4 (see Fig. 88b). Finally, if the
quantities £ and A are of the same order of magnitude, |¢| = 4 < wo, we
get oscillations of the amplitude around the value F/2mwo|e|4/2 which
corresponds to the steady-state oscillations which are reached very

X

Pl - -
2Zmup A -~ == "

X

—F |
2mw, €]

(a) (b)
FiG. 88
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slowly (see Fig. 89 for the case when ¢ = 1). The system thus proceeds
to steady-state oscillations for these three cases (Figs. 88 and 89) over a
time of the order of t ~ 1/4, as is clear from (1).

X

F -~ —~

_ b - - = — P N L — - - -
2V/2-w el 7z So 1~

, -
/
/
/
/

FiG. 89

FiG. 90

One can use a vector diagram (see Fig. 90) to study qualitatively how
the oscillations proceed to a steady state (transient process). The forced
oscillation is depicted by the component of the vector OA4, which rotates
with an angular velocity y, onto the x-axis. The vector of the free oscilla-
tion, AB, rotates with angular velocity w, and its length decreases as e=%,
Att=0,04+AB ~ 0.

What is the nature of the transient process, if x(0) = 0, x(0) = 0?

5.12. (a) The energy acquired by the oscillator,

aFf? , -l
E="—1% -
2m ’
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depends on how fast the force is switched on (that is, on the parameter
wt). For an instantaneous impact, wt < 1, or a very slow switching on,
w7t > 1, the energy transfer is small, while the maximum energy transfer,

E,, = nF?/mew?, is reached when 7,, = 1/2/w (see Fig. 91).

(b) If x - a cos (wt+ ¢), as t — o, we have

-1 (mw1)?

aF? , -3 - .
1% ' —awtFA/me * sin .

44
AE = E(+ =) —E(— =) = =

Depending on the value of ¢, the oscillator gains or loses energy. This
change in energy is similar to the absorption or stimulated emission of
light by an atom. When we average over the phase ¢ we get the same result
as under (a).

5.13. (a) x(t) = % [Eu(t) + &),

where

_El,z = e:t/u I:f F( ) e:F"'d‘U+XQ¢‘U,Xo]
0

F(z)

(b) x(t) = —:7 Im {e"‘“‘-" [ f ehr—iot dr+xo+(zw+l)xo]}
0

where o = \/wZ—22.
5.14. The force
F(t) =— VU(lr—ro(t)l) (1)
is acting upon the oscillator; here r(?) is the deflection of the mass of the
oscillator and ro(¢) the radius vector of the impinging particle. Assuming
that the particle is little deflected, we can put ro(f) = p+ of with p being
the impact parameter (p | »). Assuming also that the amplitude of the

vibrations of the oscillator is small we can put r=0 in (1) (after differen-
tiating) and then

F(t) = 21V (p+vt)e 0=, 2

t The meaning of ¢ is that of the “impact phase”, that is, the phase which the
oscillator would have had at ¢+ = 0, if there were no force acting upon it.
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The oscillations along p and v are independent and the corresponding
energy excitations are equal to

1 +oo 3 2
7 ’ J‘_w Fa(t)_""‘ dt

where F, and F, are the components of F in the directions of p and v. The
total energy excitation of the oscillator is'

1 +oo ) 2
and m“:m Fy(t)e—ivtde|,

Lisd | &
2E

E =

(x+a)e-xta), 3)
where

_1 (o) — 2 — 1.2
a—?(%), x = 2(»p)?%, E = 5 mvi.

The cross-section for exciting the oscillator to an energy between &
and e+deis

d6=ﬂ;|dgil d dez,-—at& s )

22 & 1 —a—xi(e)

where the x,(¢) are the roots of equation (3). For a further consideration
it is most convenient to solve (3) graphically, in the same way as was done
in problem 3.10(a). When & < &1 = (nV'2/2E)ae°, we get do = (n/2x?)
(de/¢) (in equation (4) we assume that x,(¢) > 1, a). For large ¢ the result
depends on the value of a. If a > 1, we can only have ¢ < ¢&; (see Fig. 92a;

€ €
TS €0~

/e :

I

// : \ €y |

/ | / |

7 /7 |

s I PR |
— 1 X —a? 1 x

-3 —a+1 _a 1--a
(a) (b)
F1G. 92

t It is interesting to note that &(w) is the same function of w as the spectral radiation
density of a fast electron in a potential U(r).

145



Collection of Problems in Classical Mechanics 5.14

do da ' '
de de ! |
! I
' |
! |
! |
| |
1
| I I
| | |
| |
| | |
I | I
| |
< € :L, o €
(a) (b)
F1G. 93

for the cross-section see Fig. 93a). However, if a < 1 we can have ¢ < e, =
(nV'2/2Ee) (see Fig. 92b) and at ¢ = £, the function do/de will have
a discontinuity while for e3—¢ « &5 it has an integrable singularity,

is = T de 1
22 e V1—¢fes
(see Fig. 93b).

5.15. If the oscillator has an “impact phase” ¢ (see problem 5.12(b)),
we get, by repeating the calculations of the preceding problem, for the
energy of the oscillator the expression (e is the initial energy of the oscil-
lator)

£ = £1e=200" £ 24/ 1800~ O COS P + £, )

= (YoN ep [~ L (2)
81_4E(7¢v) ¢ p[ 2 (uv)]
When cos ¢ > 0, we have ¢ > & for all p, while we can also have values
01, such that & < &, if cos ¢ < 0. Solving equation (1) for ¢® we find

¢=—"n Veds
»2 —cos p+1//eg—sin® ¢

1 V eileo
et.=—n |,
x? |cos @l ;t\/e/eo-sm2¢
when cos ¢ < 0 and &9 > & > &gy, = €o 5in% @.

where

], when &> go;
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Hence we have

de= " de. 1 . ®
2% &y €feo—sin®p—cos g\ &feo— s1n2<p

a0’
de

do ==x

when ¢ > ¢, and
212
do=n A—eited de=". de Icos_g_tpl = ) 3)
de x &y (1 —€leo)V efeo—sin g
when o > ¢ > &g sin? ¢ and cos ¢ < 0.
Averaging over all possible phases ¢ for a given &, we get

da\_ n de
E/_W |eo—e]|

O]

do
<@

|
[
I
!
|
I
I
I
I
I
I
|
!
!
1

|
€ ¢

Fic. 94

(see Fig. 94). The averaging is performed, using the formulae

f do
p, when & > &g
T 2n

\de

+a c
/ do \ %dq), when ¢ < &. Here a = arcsin ‘/ei .
—a (1}

\de/ 2n

The singularity of the cross-sections (2), (3), and (4), as € ~¢o, is connected
with the fact that the oscillator is excited for any, however large, p. What
is the cause of the additional singularity in (3) and why does it not appear
in (4)?

147



Collection of Problems in Classical Mechanics 5.16
5.16. We have the Lagrangian
L = $m3% —1mow?x?+ xF(t).

We then have for the energy of the system

E(t) = +m(Re £)2+3m(Im &) — F% Imé = 3m E—%—) _ g-zm(;)z
where
§ = sitiox = et [ emn(F(x)jm) dv )

(see Landau and Lifshitz, 1960, § 22). Although the expression for the
energy has a well-defined limit as # —~ «, the integral defining £(¢) has no
limit as ¢ - « (since F(r) —~Fp as T — ). Integrating (1) by parts, we get

iF(t) iet!
mamg mao

£(t) = f " Pe-irdr, @)

where F”(t) -~ 0,as T — - and the integral converges as ¢ -~ . It is clear
from (2) that as # -~ - the motion of the oscillatorisin this case a harmon-
ic oscillation (the second term in (2)), around a new equilibrium position
Xo = Fo/mw? (the first term in (2)). The energy transferred to the oscilla-
tor is in accordance with this given by

___B L (" peoye-iorde |
E(+ <) = —m-Fzm—wz‘ F'(x)e~"rdr|.
5.17.
F} AF? a’*F, cos g
AE = E(=)+ —E(— ) = 2m(;>2 + 2mw2().’(-‘i-coz)2 - 2.2:-w2 ’

Ey = tmoa?,
@ is the impact phase.

5.18. If in the formula (see Landau and Lifshitz, 1960, § 22)

&(r) = E(0)e' + % jt F(t)e—i dt

(1}
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we integrate by parts » times, we get

iFy  F@(40)einr —FOYz —0
£ = £ 4o LD EE =0

eimt

m(iw)’l+l

+ f FO+1(t)e— it df,
0

Here |£(0)| = aow, where ao is the amplitude of the oscillations at
the moment the force is switched on. The penultimate term in this formula
is of order of magnitude (Fo/mw)(w7)~", while the last term is, generally
speaking, considerably smaller—provided F”+1)(t) changes smoothly.
The square of the amplitude of the oscillations |§— (iFo/mw)|?/w? is for
t > 7 of order of magnitude [ao+ {F(w7)~"/mw?}]2. If the force F(r) is
switched on slowly and smoothly, the energy transferred is thus very
small.

5.19. (a) During the time interval 0 = ¢ = t the oscillations have the
form

x(t) = —F;é ! + B sin wt+ C cos wt.
mow? T

The oscillations will be stable if x(7) = x(0) and x(7) = x(0). This'condi-
tion leads to the following set of equations

"E§+B sin wr+ C(cos wr —1) = 0,
mao’

B(cos wt—1)—Csinwt = 0, )
which determines the constants B and C. Thus we have forO0 =t =1

H 1
x(t)=i[_t_s1n(c?t 12wr)]. @
T 2sin 5 ot
However, if  lies in the interval nt = ¢t = (n+ 1)7, where nis an integer,
we must replace ¢ on the right-hand side of ) by t' = t—nv (0 = ¢’ = 7).
When w is close to an integral number times 2z the second term in (2)
turns out to be very large—a case which is close to resonance. When
wt = 2nl (I an integer), there can be no stable oscillations—the set (1) is
inconsistent.

t If we write the force as a Fourier series
- F . 2nlt
—1p_ | L o <t
F(t) = iF '_Zl 27 Sin
we see that each harmonic term in the force which is acting can cause a resonance
build-up. When 7 = 2nl/w we have for sufficiently large ¢ (how large?), x(#) ~
— (Ft[2rmol) sin wt.
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(b)

F —At iwt
x(t)——Im[mw Ty e ]
F 1—e*

A== m(+iw) 1—er’

when 0 = ¢ = 7, while for nt = ¢ = (n+ 1)T we must replace on the right-
hand side t by t' = t—nr.

(c) When 0, = 1/4/2C > 4 = R/2.0 the stable current is

-1 14 et 1
I(t) = —— —Im | ———+—|,
0= WVaoi_2 £ " [l—e“‘ a‘t]
= —A+iVw} -2, )]

for0 =t = t. When n = ¢/t = n+1, we must in the formula for the cur-
rent replace ¢ by ' = t—nr.

Can one use (1) to obtain an expression for the stable current when
wo < A or when wo = A?

5.20. (a)

4 2n/w F . d
= 5 J; () x(t) dt

_ ot £ ap
(0? —?)?+42%0% " (0E —40?)?+162%0w2 |’

that is, the two harmonics in the force both transfer energy, independently
of one another (the period T is equal to 27/w).
®) 42? 2| q|2
& n?|a
4= m 21 (0 —nPo?)? 4+ 4222w ?”

(©)

J{ A S0}
)= [(w2 w2;2-|1-422w2 + (9} —wz)’:—ﬂ.’w2 ]

When we average over a large time interval, T>> 27/ , it turns out that
each of the two forces f cos w1f and f> cos wef acts independently on the
oscillator. This is connected with the fact that only the squares of trigono-
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metric functions have non-vanishing averages,

1 Tsinzwtdt—l+ (l—sianoT)—»l
T, T2 T

4Tw1

as T — -, while the averages of cross-products such as sin w1 cos w1?,
sin w4f cos wyt, . .., vanish: for instance,

1 —cos (w1 —w2)T 1 —cos (w1+ w2)T

er—wT Yo tadT

T
= f sin w1t cos wot dt =
T 0

as T — oo,

(d) The displacement of the oscillator is

[t yp(w)e do
X0 = _[_m 0 —w?+2ido ’

so that the total work done by the force F(¢) is equal to

I il _ 87k [~ w?|yp(w)?dw
A= Jl x(F(t)dt = —m*J; (@R ATE 0))

oo

To prove this equation one uses the inverse Fourier transform

f " Rty dt = 2myp*().

When 4 < wg the main contribution to the integral (1) comes from the
vicinity of the eigen-frequency of the oscillator w = wo. We have thus

A~ 47 | y(wo)|*wo lj‘“ dw?
m p (@ —0?)?+42%0? |

The factor inside the square brackets can easily be evaluated and turns
out to be independent of 4:

PR
2m

(compare Landau and Lifshitz, 1960, equation (22.12)).
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6. SMALL OSCILLATIONS OF SYSTEMS WITH SEVERAL DEGREES OF FREEDOM

6.1. Two normal vibrations are possible in the system, namely oscilla-
tions where the two masses move with the same frequency in phase or in
antiphase (x; are the displacements from the equilibrium position; com-
pare problem 5.8):

24
(1) x1 = Acos (0it+¢9), x2= —\/3_1 cos (01t +¢);
() x1 = Bcos (wat+¢), x2 = _ 28 cos (wat + )
1 ol T @), 2 \/§+1 2 .

The eigen-frequencies are here given by

= 3F V5 ’: (compare problem 7.2).

2
@3, 2 2

6.2. Let x; (i = 1, 2, 3) be the displacement of the ith mass along the
circle. The Lagrangian of the system is

L = gm(3+ x5+ x3) —32(x3 + (o — %)%+ (x5 — xp)° + x3).

The equations of motion,
mii+x(2x1—x2) = 0,

miz2+x(2xe—x3—x1) = 0, m
mis+x(2x3—x2) = 0,
can be reduced to a set of algebraic equations through the substitution
x; = A;cos (wt+@):
(—mw?+2x%)A1—xA2 = 0,
—xA1+ (—mw?+2x)A;—xA3 = 0, 2)
—%As+(—mw?+2x)A3 = 0.

The set of equations (2) has a non-trivial solution only when its determinant

vanishes:
2 2
(_w2+£) [(_w2+&) —2%] =0. 3
m m m

We get thus for the eigen-frequencies
X
w§_3=(2¢\/§);, W= @)
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6.2 Answers and Solutions

Of the three equations (2) only two are independent, because of (3)and (4).
Substituting the values of w?(s = 1, 2, 3) from (4) into (2) we get the ratios
of the amplitudes:

A Az =A for o= w;

1
= — Ao =
v2
Ai=—A3=B, A;=0 for o = w,;

A1=-—L_A2=A3=C for w = 3.

V2
The eigen-vibrations of the system are thus:
x1 = A cos (w1t + @1)+ B cos (w2t + p2)+ C cos (w3t + p3),
x2 = 4/2 A cos (w1t +p1) —\/5 C cos (wst+@s), (5)
x3 = A cos (wit+ 1) — B cos (wat + p2)+ C cos (w3t + p3).

The constants 4, B, C, ¢4, 2, and g3 are determined by the initial condi-
tions. The eigen-vibrations (5) describe the motion of the system com-
pletely. However, for solving many problems (for instance, problems with
extra forces (see problems 6.26(b), and 6.27) or when developing perturba-
tion theory or quantising the system) it is more convenient to use normal
coordinates. This is connected with the fact that the normal coordinates,

q1,3 = $(x1+£ V2 x2+x3),

1
qz2 = % (x1—x3),

reduce the Lagrangian to a sum of squares:
L = 3m(g} —owig} + 45 —wigs + 45 —wigd),
while the equations of motion become one-dimensional:
dit+owiq;=0, i=1,23.
This is similar to the way the problem of the motion of two interacting

bodies is reduced to the problem of the centre-of-mass motion and the
motion of a particle with the reduced mass in the given field of force.
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Collection of Problems in Classical Mechanics 6.3
6.3. The motion is described by the equations
x = acos (wit+¢1), Yy = bcos (wst+@s).

The constants a, b, g1, and g, are determined by the initial conditions. The
orbit lies inside the rectangle —a = x =a, —b = y = b (see Fig. 95).

Yy

Fi1G. 95

Generally speaking, the orbit “fills” the whole rectangle. More precisely,
if the ratio w,/w, is irrational, the orbit comes arbitrarily close to any
point inside this rectangle. The motion of the point is in that case not
periodic, although the motion of its components along the two coordi-
nate axes is period. However, if the ratio is rational (Jw; = nw, with /
and n integers) the orbit is a closed curve, a so-called Lissajous figure.
The motion is periodic in this case—with period 27//w,.

6.4. (a) The transformation to normal coordinates is for this system
simply a rotation in the xy-plane (Fig. 96):

x=Qi1cos9—Qqsinp, y = Q;sinp+Qscosp. 1)

Indeed, the kinetic energy does not change its form under the rotation
while the coefficient of 010. in the potential energy, which is equal to
— (w3 —w}) sin 2p—a cos 2p,can be made to vanish, if we determine the
parameter @ from the condition cot 2p = (w}—w?)/2a«. The way ¢ depends
on w, is shown in Fig. 97; the region where ¢ changes from O to 2z has a
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Q,

FiG. 96

width of the order of «/w. When the coupling is weak, « <|w}—w}|, the
normal oscillations are localised, that is, when v, < w,, we have ¢ ~ 0
and x =~ 01,y =~ @2, while forw; > w,, ¢ ~ /2 and x =~ —Q0s, y =~ Q1.
When w, = w, the normal vibrations are no longer normalised, whatever
the value of x: ¢ = /4, x = (01— Q2)/V'2,y = (01+02)/V/'2 (see Landau
and Lifshitz, 1960, § 23, problem 1).

The normal frequencies,

&, = $ (0} + 0} F V(0 -0} +422), ()
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Collection of Problems in Classical Mechanics 6.4

lie outside the range of partial frequencies,! that is, 2; < w; and Q; > w,
(to fix the ideas we assume that w; < ,). Relations of this kind for sys-
tems with many degrees of freedom are known as “Rayleigh’s theorem”
(Rayleigh, 1890). Figure 98 shows how the 2, ,depend on w,. It is clear
from Fig. 98 that the 2, , differ little from the partial frequencies (just as
x and y differ little from the normal coordinates Q; and Q) when « is
small, everywhere, except the degeneracy region, where |w? —wi| < a.
When ©; becomes sufficiently small, one of the frequencies becomes
imaginary: the system ceases to be stable.

Q

W,
FiG. 98

In terms of @, and Q2 the motion and the orbits are the same as in the
preceding problem.

(b) The normal coordinates can in this case be obtained from the results
of the preceding problem, simply by replacing w3}, , by m,, ,, while the nor-
mal frequencies are the reciprocal of the frequencies £, , of the preceding
problem. Why is this the case?

Can one see from the form of the Lagrangian that the normal frequen-
cies are independent of the sign of « (or 8) without finding £, , explicitly ?

6.5. (a) The Lagrangian of the system is (see problem 4.21)

_ _l )] 20 1 q% qg (ql+q2)2
L= > (.Ql‘h"‘ﬂz‘h)‘f [a+a+ ——E"],

where g1 and ¢ are the charges on the upper plates of the capacitors C;
and C,. Introducing new variables x = ql\/ Liandy = qg\/ Lo we get

t We follow Mandel’shtam in calling those frequencies which are obtained from
the original system when x = constant (or y = constant) partial frequencies.
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the Lagrangian of problem 6.4(a), with the parameters

. 1 1 1 . 1 1 1 1
e d) 4 h (b E) e evas
L \C G L2 \C  C; CV 1.0
(b) By the change of variables x = q1/4/C; and y = qg/\/ C,we can

change the Lagrangian of this system to the Lagrangian of problem 6.4(b)
with the parameters
my, 2 = (L+.L1,2)Ch, 2, B =.LAVCiCo

Can this system become unstable?

6.6. Let x; and x, be the displacements of the masses m; and m; from
their equilibrium positions. Writing x = x1V/myand y = X2V msy we get
for the system the same Lagrangian as in problem 6.4(a).

We can obtain the answer to the problem in various limiting cases with-
out solving it. For instance, if all ¥, = x and m; = m < my = M, we can
have a normal vibration with a very low frequency @} = 3x/2M, x; = 1x»
(the mass m is, so to say, part of the spring, while the mass M vibrates be-
tween springs of stiffness »/2 and ») and one with a very high frequency
0% = 2»/m (when the mass M is almost at rest). One can find the amplitude
of the oscillations of the second mass by considering its motion as being
under the influence of an extra force »x; with a high frequency (see Lan-
dau and Lifshitz, 1960, equation (22.4)): xo = —mx;/2M.

It is of interest to consider in a similar way the cases

@m =my x#)=uny=n<u3=K;

(b) all stiffnesses are different, but of the same order of magnitude, and

m; << my;
(c) %3 > x%; = x3 and the masses m; and m, are of the same order of
magnitude.
6.7. (a)
1 1 . 1 . .
X1, 2 = > v [w—1 sin wltj:w—zsm wgt] 5

when %; < %, the oscillations have the form of beats:

v .
X1 = — COS &t sin wyt,
wy

v .
Xg = — — sin &t cos w,t.
wy

(b) X1, 2 = 5a(cos wyt +cos wat );
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when x; < x, we have

X1 = @ cos &t COs wt,
X3 = asin &t sin w;t.

Everywhere in this problem w; = 4/%/m and ws = v/ (2x1+x)/rr—1,
€ = %,0,/2%.

6.8. The energy transferred from the first to the second mass during
a time dt is equal to the work done by the force F; , = #(x1—x2):
dE = x(x1—Xxg) dxy = #(x1—Xx3) X2 dt, and the energy flux is dE/dt =
#(x1—X2)%o. In the limiting case when »; < » the flux of energy averaged

over the fast oscillations is in problem 6.7a equal to Lv*A/xm sin et
and changes sign with the frequency of the beats.

6.9. The equations of motion,
mx 1+ xx1+%3(x1 —x2)+ax, = 0,
mx o+ xx2+ 1, (X2 —x1)+oxs = 0,
split into two equations for the normal coordinates, when we use the sub-
stitution x; , = (g1t ¢q2)/ V2:
G+ olg+22¢;, =0, Gyt+wige+244, =0,

where w? = x/m, %= (x+2%)/m, 21 = a/m.
We have thus, when 2 < w,, ¢ (see Landau and Lifshitz, 1960, § 25):

x1, 2 = e~M[a cos (yit+@1) £ b cos (yaf + p2)],

where y, , = Vo? ,—22.

The characteristic equation for the system of Fig. 23 is no longer
biquadratic when there is friction present, but of fourth degree, and it is
therefore considerably more complicated to find the eigen-vibrations.

6.10. Let x; be the displacement of the ith mass along the circle. The
Lagrangian of the system is

L= ;“ m(x}+ i3+ x3) — “;" [(ey —x2)*+ (X —x3)2+ (x3 — 1)) (1)

The three masses can rotate with a constant angular velocity:

X; = Xg=X3 = t+cy = -q,(), o, =0. )
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The oscillations, where the masses A and B move towards one another
with equal amplitude,

X ==Xy = q2(t) = ¢y 008 (Wot+¢,), X3 =0, owi=3x/m, (3)

have the same frequency as the oscillations where the masses B and C
move towards one another:

1
Xg = —X3 = —\75— gs(t) = cscos(wat+cg), x1 =0, w3 = ws. ©)

We introduce the “displacement vector” r = (x1, X2, X3) and we can then
write the three oscillations (2), (3), and (4) as three vectors’

1 1 0
r, = \/3()111, re = \/2( )42, r3 = \/2( ) (5)

The normal coordinates must diagonalise simultaneously two quadratic
expressions—the kinetic energy and the potential energy. As in (1) the
kinetic energy is proportional to the sum of the squares of the velocities,
the transformation from the x; to the normal coordinates which does not
change its form must be an orthogonal transformation, and the vectors of
the normal oscillations must be mutually orthogonal. The vectors r; are
independent, but not mutually orthogonal: (ry:r2) = (ri+rs) = 0, but
(rz-r3) = 0. To obtain the normal coordinates we must orthogonalise the
vectors rp and rs. We note that a superposition of the oscillations ars+frs
s again an oscillation with the frequency ws = ws. The oscillations

1
1 )
R1=r1, R2=r2, and Ra =¢r2+‘8"3=_'_:( 1) g3, (6)

vel_;

wherea = 1/ \/5 andf = 2/ \/§ are found from the condition (Rg+ Rz) =0
and the condition that R3 be normalised, are thus the normal oscillations.

t The factors 1 /\/ Jand ! /\/5 are introduced in order that the vectors r,are normal-
ised by the condition (r;-r;) = duqt.
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The coordinates ¢, found from

X1 = g1+ ——=

1
42+ qs3,
\/ \/2 \/6
q1— g:+—=4qs,
\/ \/2 \/6

1
-q1——= (43,
Y% \/ 6
reduce (1) to the form
L = 3m(¢3+ g3+ 43 —wiq} —wigd). (®)

Of course, any coordinates ¢, and g; obtained from ¢, and g3 by an ortho-
gonal transformation are normal coordinates—and, correspondingly, any
vectors R, and R; obtained from R, and R, simply by a rotation around
R, are vectors of the normal oscillations.

6.11. The initial conditions for the displacements x; along the circle are
x1(0) = a, x2(0) = x3(0) = x(0) = 0. We have thus for the normal coor-
dinates g; (see formula (7) of the preceding problem) the initial conditions
q1(0) = a/4/3, ¢x0) = a/4/2, q3(0) = a/4/6, 4{(0) = 0. Therefore, we
find g1 = a/4/3, g2 = (a/4/2) cos wst, g3 = (a//6) cos wst, and taking
into account the fact that w, = w3, we get finally

)

X3

a 2 a a
X1= ., —=5acosst, Xz = —=-+—COSwsl,
33 V3 3
x—£+£coswzt
T3 T3 :

6.12. The Lagrangian of the system is

L = 3mY, x} —3x#[(¥1— Xa)?+ (X2 —x3)? + (x3 —x)* + (xa—x1)].

The vectors of the normal oscillations are (see problem 6.10)

1 0
1 0 1 1
n=\ -1 o), n=7| o g2(1),
0 -1
1
1 1
'3,4=—2- :Fl gs, «(t), M
Fl1
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6.13 Ans wers and Solutions

where g; = A;cos (wt+¢), i=1,2,3; w1 =0ws= vV 2xm, w3 =
2V/xm; g, = A+ A, 04 = 0.

This is, of course, not the only possible choice. Any vectors obtained
from the ones given here through a rotation in the plane determined by
the vectors r; and r; will also be vectors of the normal oscillations. For
instance: ry , = 2-¥(r, £ r,); ry 4 = ry 4 (rotation over m/4). However,
the vectors ry, r,, r;, r, will not reduce the Lagrangian to a sum of squares,
although they also are independent.

6.13. Let x; and y; be the displacements of the ith mass from its equili-
brium position. The Lagrangian of the system (see problem 5.7) can be
reduced to the form

L(x, y) = Ly(x)+L«(y),

L) =+ m[i s z x2+-(x1+x3)(x°+x4)] )

The orthogonal transformation which reduces the quadratic cross-term
(x1+ x3)(x2+ x4) to a sum of squares must be the same as the transforma-
tion in problem 6.12 in which the Lagrangian has the same form so that
we have

1 1
91+— g3+ —qa,

= \/2 272
xz-— !qa-l-l(h,

\/2 2 2

-1 1 1 @
xa—\—/5q1+2qa+2q4,

—1 1

1
Xy = W‘h_}_qﬁf Gs.

The term (x1+ x3) (x2+ x4) is through the transformation (2) reduced to
92—q? and we have

1 R I o 2% . Ox
L) = (= ah = g+ )

The term L,(y) has a similar form in the coordinates gs, gs, g7, and gs.
The normal frequencies are w; = ws = ws = wg = \V4x/m, w3 = wy =
\/ 2%/»5, and wg = wg = \/ 6x/m. The vectors of the normal oscilla-

tions in the x; have the same form as the vectors r; of problem 6.12.
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6.14. The amplitudes of the normal oscillations satisfy the equations
—o; jZm.-,A,(')+ ij,y AP =0, )

—wfzj:mgA,m+ Y xydl? = 0. V)
j

Multiplying (1) by A® and (2) by 4’ and summing both equations over i
we get instead of (1) and (2)

oY myAP ALY+ Y 2 A AP = 0, A3)
iJ i Jj

—a} T myd" A+ Ty A AP = 0. @)
iJj v J

Subtracting (4) from (3) and using the fact that m; = mj; and x»; = »;,
we get
(0} —}) y mAP AP = 0,
ij

that is, when w, # w,,
Y mAP4" = 0, )
i,j

and at the same time from (3)
zjx,,Aﬁ"A}” =0. (6)

It is convenient to use the terminology from linear algebra. We shall call
the set of amplitudes of a given oscillation the amplitude vector AV =
AD, 4D, ..., AD). The relations (5) and (6) which we have just proved
mean that the amplitudes 4® and A® are mutually orthogonal, pro-
vided the scalar product is defined by means of the metric tensors m;; or »;;.
In the case of degeneracy (if v, = w,) the amplitudes 4A” and A® do not
necessarily satisfy equations (5) and (6). However, one can in that case
always choose—indeed, in several ways—such amplitudes that they
satisfy (5) and (6) and also reduce the Lagrangian to a sum of squares.

6.15. (a) Let x;, y;, and z; be the displacements of the ith mass from its
equilibrium position. The Lagrangian of the system has the form (see
problem 5.7)

L(xa Y, Z) = Ll(X)+L1(y)+L1(Z),
5
L(x) = tm Y X2 —gu[x3 4 (x; —x5)2+ (x5 — Xg)? + X3 + x§
=1
+ (X2 — x5 + (x5 —x 2 +x7],
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so that the oscillations in the x-, y-, and z-directions proceed independ-
éntly. We can easily guess three of the normal vibrations in the x-direc-
fion:

r= q1(1909 _19 09 O)s rs = q2(09 19 09 _19 0),
r3 = q:i(l, _la 19 _19 0)9
g(t) = Aiwit+¢), o= w; = w3 = 1/2x/m. 6}
The other two normal vibrations must be orthogonal to the vector (1)
and r,, 5 thus has the form*
ris = (a,a,a,a,d)q,,s. (2
Substituting this vector into the equations of motion for the first and
fifth particle,
mi+#(2x1—xs) = 0,
mxs+x(4xs —x1—X2—X3—X4) = 0,

we get two equations to determine the unknown parameter d and the fre-
quencies wy, 5:

(—w2+ 2")a——d 0,

4x

~g (_wz+ )d 0. 3)

Solving (3) we find }, 5= (3F V/5)(x/m) and d, 5 = (—=1+V5)a, s,
and finally

res =qis(1, 1, 1,1, —1£4/5). C))

The results for the oscillations along the y- and z-axes are the same as
for those along the x-axis. There are thus altogether three different frequen-
cies in the system: w? = 2x/m which is ninefold degenerate and wj} ; =
GBGFV 5)(»/m) which are threefold degenerate (see problem 6.22 about the
lifting of the degeneracy).

t Letr,, s = (a, b, c, e, d)= r. The orthogonality conditions (r-r,) = 0 = (r-r,) =
(r-r;) = 0 leads to the equationsa=b =c =e.
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(b) The oscillations along the z-axis can easily be guessed: r; =
(1,0, =1, 0)q1, r2=(0, 1,0, —1)gz, r3 4 = (1, F1, 1, Fl)gs,4, ¢ =
A; cos (wt+), @1 = 0, = w3 =1/Q2flml), o, =+/(flml), where
f is the tension in the springs, and / the length of one of the springs at
equilibrium.

If f = xl, the oscillations in the x- or y-directions will have the same form
as those in the z-direction, if we put r = (x1, x3, x3, x,) or r = (ys, y1,
Y&, ¥3). If, however, /' # x/ the degeneracy is lifted. Two of the normal
oscillations with frequencies @, = 4/(2%/m) and w; = \/(2f/ml) are the
same as r; and r,. The two other ones must have the form (a, b, a, b) X
cos (wt+ @) because of the orthogonality condition. To find them it is
sufficient to consider the equations of motion of two particles:

mx1+2(2x1—x;5) = 0, misy +§ (2x2—x5) = 0.
Here
x(x1+ x3)+ § (x2+x4)

f
%+I

x5=

is the coordinate of the point where the springs are joined together which
is determined from the condition that the potential energy be a minimum
for given values of x1, 2, 3, 4.

Solving these equations we get

2% f by = »l
m(f+xl)’

b3 = ——f—aa, and w} =

a,.
xl 4

6.16. Let x; be the displacement of the ith mass along the circle. We can
easily guess two normal vibrations:
ri=(11L15LDgr),  qit) = cxt)+ce, w; = 0;
ry = (1,0, —1,0)g5(t), gu(t) = Ay cos (wot+@py), @3 = 2x/m. )

The two other vectors must be orthogonal to the vectors (1) in the metric
determined by the coefficients of the quadratic form of the kinetic energy
(see problem 6.14), that is, they must have the form

r =(a,b,a, —a—3b)q(1). @
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Substituting (2) into the equations of motion for the first and the second
mass,
mxy+#(2x1—X4—x2) = 0, mis+#(2x2—x1—x3) = 0,

we get two equations to determine the quantities @ and b and the frequen-

cies:
(_w2+z) a_j_.b e 0,
m 2m

—2—"a+(—w2+2—")b=0. 3)
m m

Solving (3), we find @} , = 2(5FV/5)(%/m), by, 4= (11 4/5)as, 4, or

rsa=(L1£V5 1, —3F3V5)qs(t), gs, 4 = As, 4 cos (w3, at+3, 4).
6.17. The normal oscillations are

(19 1’ 19 1)‘]1,(1, 09 _19 0)(]2, (Os 19 09 —1)43, and (19 _m/Ma _m/M’ 1)44,
where g1 = At+B, q,= A; cos (0t+¢) (i=2,3,4), o}=2x/m,
o} = 2x/M, w} = 2x(M +m)/mM. The first three oscillations can easily
be guessed, while the last one is found from the condition that it be
orthogonal to the first three. As the masses of the particles are different
the orthogonality condition for two oscillations @ and b has the form:
mabi+ Masba+masbs+ Mab, = 0 (see problem 6.14).

6.18. It is convenient to use for the solution the method explained
in problem 6.16.
(a) The normal vibrations are
ri= (1,1, 1)(Cit+Cy), ra(l, —1,0)A42 cos (w2t +@2),
r3 = (19 1: _2)A3 cos (w3t+(p3)s (l)
w2 = (34+2e)x/m, wi=3x[m, &= onx;

for small e they are close to the oscillations (6) of problem 6.10: the ampli-
tudes of the oscillations are the same, but all frequencies are different.
Therefore, although in problem 6.10 any superposition of the vectors R,
and R;again gave normal vibrations, now the choice of the vectors r1, rs,
and r3 is completely unambiguous.

(b) The normal vibrations

ri= (1,1, 1)(Cit+Cs), ra=(1, —1,0)42cos (V/ 3x/mt+ps),
rg= (1, 1, I_Tze) Ag cos (wgt+@), 2= (B+ex/(1+e)m, )
€= dm/m,
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are for small ¢ close to the oscillations (6) of problem 6.10. If the extra
mass had been added to the particle B, the normal oscillations,

ri= (1,1, 1)(Ct+Cs), ry=(1,0, —1)Azcos (\/3x/mt+gs),

-2
rs = (1, ite’ l) A3 cos (w3t + @3),

would be close to the following superposition of the normal oscillations
(6) of problem 6.10:
R =R, R;= (R2+Rs \/5)/\/5, Ry = (3R2 _Rs\/i)/\/i-
(C) r, = (1, 1, 1)(C1I+C2),
ra, 3 = {az, (1, —1,0)+be, 5(1, 1, —2)} cos (we, 31+ @2, 3),
where (¢; = dm;/my)

2 .2
by &—&t VE+g—ee

~ 21 .2 ’
Gy,3 &+&F VE+&—¢pe,

w5 5~ % B-g-&F \/3%4‘3%_3132)'

6.19. (a) We expand the initial displacement r(0) = (a, 0, —a) in terms
of the vectors r; (see equation (1) of the preceding problem), taken at
t=0:

r(0) = r1(0)+ry(0)+r3(0). )

We do the same for the vector of the initial velocities:
#(0) = r1(0)+ F2(0)+r3(0). 2

From the set of equations (1) and (2) we find for the constants the follow-
ing values: 4; = A3 = 34, C1 = C2 = g2 = p3 = 0, or

r = Fa(cos wat+cos w3t, —COS Wat+COS Waf, —2 COS W3l)
~ a(cos (§ewst) cos wst, sin (Fewst) sin wsf, —cos wat).

The motion of the particles A and B thus shows beats with a frequency
which is determined by the perturbation éx, while the particle C performs
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a simple oscillation with frequency ws. We emphasise that even a very
small perturbation dx leads to secular changes which become appreciable
after sufficiently long times (compare problem 2.32).

6.20. (a, b)

rn=(, =1, =1, Dgu(t), re=(1,1, =1, —1)go(),
r;a= (1, £1, 1, £ 1)gs, «7);
(c) the same as in problem 6.12, equation (1).
6.21.x, , = — X3, 4 = £ tacos [\/(2x+20x)/mt]+ Lacos[V/2x/m t]:
the oscillations of the particles show beats (compare problem 6.19).

6.22. When the tension is changed but little, (/—/,)// = ¢ <« 1, the non-
degenerate oscillations r,_; (see (4) in problem 6.15) change little. We can
easily guess two more oscillations:

n= (l’ 0’ _1’ 0) O)Al Cos (wl’+(p1)’ w% = 2%/’”9

r, = (0,1,0, —1,0)4, cos (w,t +p,), @f = 2xl,/ml = (2x/m)(1 —e&).
They are close to two of the vectors (1) of problem 6.15. The last normal
oscillation which is orthogonal to all the others must thus necessarily be
close to the third of the vectors (1). We find the secular changes by taking

for the amplitudes the zeroth and for the frequencies the first order ap-
proximation in e, that is, by taking'

rg= (1, —1, 1, —1,0)4; cos (w5t +py), 3 = (2x/m)(1 —%¢).
Expanding the vector of the initial displacement, ro = (a, 0, 0, —a, 0) in
terms of the vectors ry, re, and r3, taken at ¢ = 0, and the vector of the

initial velocity #o = 0 in terms of the vectors #; at ¢ = 0, we find 4; =
Ay = A3 = Ya, A4, = As=¢9,= 0, 0r

X1, 3= +a(+coswit+coswat), X2 4= +a( +coswat—coswst), xs=0;

the oscillations show beats (compare problem 6.19).

t The vector ry must be orthogonal tor, and r, and thus be of the form rg = (a, b, a,
b, ¢) cos (w4t + ;). Substituting this expression into the equations of motion, we get
only three independent equations. The cubic equation to determine the frequencies,

(=x+2)[(—x+2-2e)(—x+4—26)-2(1 —¢€)*]—2(—x+2—-26) = 0, x = mw?/x,

can easily be solved approximately, by putting x = 2+0x and retaining only terms
which are linear in dx and e.
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6.23. We choose the vector potential to be 4 = +H (—y, x, 0); the
Lagrangian is then
L = Jm(2+5%+ 29— fm(obe +oy+ az?) + mon(x —y3),
where oy = eH/mc. For x and y we get the equations
X$+wix—wgy =0,
J+owiy+ogx = 0.
It is convenient to look for oscillations in the form
x = Re(4e"*"), y = Re(Bei?).
The set of equations
(02— YA — iwopQB = 0,
iogRA+ (Wi — 2B = 0,

leads to the oscillations

x = Re (4xe®) = ay cos(Qkt+ gr),

_ iog o1 aoak
y=Re [Ak Ti—a3 e h‘] = —wg—Qﬁ sin(Qxt+ pr),

A, = aqpei, k=1,2,

with frequencies
1
Q.5 = Fe}+ o+ of) £ 710} + 0f+ 0})? —4ofef]?.

To fix our ideas let o, > w,, @y > 0. The first of the oscillations which
we have found is then a clockwise motion along an ellipse with its major
axis along the x-axis, while the second oscillation is a counterclockwise
motion along an ellipse with its major axis along the y-axis.

The motion along the z-axis turns out to be a harmonic motion which is
independent of the magnetic field,

z = as cos(wst + p3).

The free motion of the oscillator is a superposition of the oscillations
obtained. We can call these oscillations normal oscillations, thus generalis-
ing the concept of normal oscillations: the motion in the x- and y-direc-
tions occurs with the same frequency, but with a shift in phase. It is
impossible to reduce the Lagrangian to diagonal form using only a linear
transformation of the coordinates as the transition to normal coordinates
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is in the present case connected with a canonical transformation (see
problem 11.21).

If the magnetic field is weak, wy < ®, —w,, the ellipses of the normal
vibrations are strongly elongated, and the frequencies 2, , ~ o, ,
T oo, o/2(w—ow}) are close to o, ,. The orbit of the oscillator without
a magnetic field fills a rectangle with sides parallel to the coordinate axes
(see problem 6.3); the influence of a weak magnetic field is merely to
deform slightly the region filled by the orbit. (The Larmor theorem
is here not applicable as the field U is not symmetric with respect to the
z-axis.)

In a strong magnetic field, oy > w, ,, the normal oscillation with
frequency 2, ~ wy takes place along a circle, and the normal oscillation
with frequency £2, ~ ,w,/wy along an ellipse with axes which are in the
x- and y-directions and which stand in the ratio ws/w;. The motion is thus
along a circle with a centre which moves slowly along an ellipse. It is well
known that if a charged particle moves in a strong uniform magnetic
field in a plane at right angles to the field, the occurrence of a weak,
quasi-uniform potential U(r) (that is, a potential such that the force
F = — v U changes little within the circular orbit) leads to a slow dis-
placement (drift) of the centre of the orbitin a direction atright angles to F
(that is, along the equipotential lines of U(r); see Landau and Lifshitz,
1962, § 22). We note that in our case a similar drift occurs also in a
strongly inhomogeneous oscillator field.

If w1 = we, the normal oscillations in the xy-plane correspond to
motions along a circle in opposite senses with frequencies 2, , =
@t toy, where & =+/w?++40?. In a system rotating with frequency
— 1wy the frequencies of both motions thus turn out to be equal to &.
Such motions are the normal oscillations of an isotropic oscillator with
frequency @. Indeed, the sum and difference of such oscillations with

equal amplitudes,
cos &t cos @t
(L0 (2),
—sin @t sin @t

are linear oscillations in the x- and y-directions (if we neglect the motion
in the direction of the magnetic field). If the magnetic field is weak,
0y < 0, we have @ ~ w,, and the whole effect of the field on the motion
of the oscillator reduces to a rotation (“precession”) around the z-axis
with a frequency —%w,, (Larmor theorem; compare Landau and Lifshitz,
1962, § 45). If, however, wy X ,, there is no longer any obvious use for
the rotating system which we have employed.
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Note that the time-dependence of x and y in this problem is similar to
the way the x- and y-components of the electrical induction D of a wave
propagating through an anisotropic, optically active medium depend
on the distance along the direction of propagation (see Landau and
Lifshitz, 1960a, § 82).

6.24. We can solve the equations of motion,

X+ oix = 0,
oy = —w,x+w2,
itolz = -y,
with
0, = eH,/me, w, = eH,mc,
by the method of successive approximations. We look for the coordinates
in the formx = x4+ x®, y = pD 4 @ 7 = (D4 2@ where x?, p@,

and z2” are small compared to x‘, y‘V, and zV. In first approximation
we neglect small terms in the right-hand sides of the equations:

x = A cos(wit+a), y* = Bcos(wat+p), z?P = C cos(wst+7y).

The corrections x‘?, y®, and z‘? are determined by the equations
X+ 02x® = ,yW,
FO+dy? = —w,xV+ 0,0, 1)
2‘2’+w§z‘2’ - _w*j,(l)_

We get

@ _ T2 B sin(wat + )
w? —w3

5

10,4 sin(wyt +a) _ 3 C sin(wst +y) V)
w0f—w} wj—of 7

S w,we B sin(wat+ )
w3 — w3

(2) —
y® =

The corrections turn out to be small, provided |w,| < |0, —w,| and
|w,| < |, —w,|. The normal oscillations are oscillations along ellipses
which are strongly elongated along the coordinate axes.

If, however, for example, |, | R |0, —,]|, |®,| < |w, —w4|, according
to (2) x2 and y*® are no longer small. This is connected with the fact that
the frequencies of the “forces” w,y> and —w,x? in (1) turn out to lie
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close to the eigen-frequencies of the oscillator. In that case we must retain
the resonance terms in the first approximation equations:

55‘”+w§x‘”—a),}3‘1’ =0,
FO+ 02y D+ 0,x P = 0, 3)
D 4 27D =0,

that is, it is necessary to take the effect of H, on the motion exactly into

account. We considered the set (3) in problem 6.23. For the second order
corrections we have the equations

x® =0,
j;(2)+w§y(2) = wxz'(l),
2(2)+w§z(2) = _wx}',(l)'

For the sake of simplicity we restrict ourselves to the case w; = ws and we
have then the following normal oscillations:

1 1
i i 1 ) _i i -1 Y]
y| = Red4; et z0l | 4, e'o1 20,
z _OnOx 010y
w3 — wf ©f — w}
0
iw i
+A3 - x(03 ew,r . (4)
wf— o}

1

In the approximation used, the normal oscillations (4), with frequen-
cies w,+ 1w,, take place along a circle in planes which make angles
Fo,m, /(0 —w}) with the xy-plane, while the oscillation with frequency
w3 is along an ellipse in the yz-plane which is strongly elongated in the
z-direction.

6.25. We assume that the oscillations of the pendulum are small oscilla-
tions: we reckon the angle ¢ counterclockwise from the vertical, and as
the second coordinate we choose the charge g on the left-hand plate.
When the pendulum is deflected over an angle g, the magnetic flux through
the circuit is equal to @ = constant — 1/2pH. This leads to an emf in the
circuit which is equal to E = —d®/dt = LHI*p, corresponding to an
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external force, so that the Lagrangian of the system is equal to (see
Landau and Lifshitz, 1960a, § 48; see also problem 4.20)

2
L= ;—(ml2¢2—mglq12+ .eq'z—-qc— + H12¢q).

If we introduce the coordinates x = Ip and y = v/ |mg, the Lagran-
gian of our system differs from the one considered in problem 6.23 (with
parameters w? = g/l, w2 = 1/.LC, vy = HI/24/m2£ and z = 0) only by
a total derivative with respect to the time: 4wy d(xy)/dt. The equations of
motion of problem 6.23 and their solutions are thus also valid in the
present case.

6.26. (a) The Lagrangian of the system is (compare problem 6.1)
L = Fm(32+ x3) —3x[(x; —a cos ot )2+ (x; —x,)?],
while the equations of motion,

m31+#(2x1—X3) = % a cos wt, )
mias+#(xs—x1) = 0,

can be reduced to a homogeneous linear set of two equations to determine
A and B through the substitution

x1=Acoswt, xg= Bcoswt. 2
We get thus
A= ax( —mw?+x) B= ax?
e — ) (@ —}) ’ @ — o) (0F —0) ’

where w?}, = $(3F 1/5)(»/m) are the eigenfrequencies of the system.
The frequency dependence of the amplitudes 4 and B is shown in Fig.
99a.

When the frequency goes through the resonance values w = w,,,, the
amplitudes A4 and B change sign; this corresponds to a change of T in the

1 It canalso be writteninthe form L = 1m(x} + %§) — 1x[x} + (x1 — x3)?] + x1%a X cos wt,
the difference, —3xa® cos® wr being a total derivative with respect to the time. This
way of writing the Lagrangian is more convenient as it enables us to write down at
once the external force vector: F = (xa cos wt, 0)

1 The general solution of the set of equations (1) is a superposition of free and forced
oscillations. As soon as there is even the smallest amount of friction present, the free
oscillations are damped so that after a long time interval the solution of equations (1)
is independent of the initial conditions and consists of the forced oscillations (2).
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FiG. 99

phase of the oscillations. At the frequency w = 4/*/m the oscillations of
the upper mass are completely damped: 4 = 0. In Fig. 99b we have
shown qualitatively how | A| depends on the frequency of the applied
force when there is friction present.

At what frequency w will the oscillations of the upper mass be damped,
if we suspend from the lower mass another mass on the same spring?

(b) Introducing the normal coordinates (see problem 6.1)
- 2 91— 2 q
Vi-1T A5

we can write the Lagrangian of the system in the form

X1 = q1+q2, X2

L = Li(q1, §1)+La(q3, 42),

1 . 4xa(t
L,,= Em(5i\/§) [qf.z—w%.zqf&*' (5::‘1(7)’”) ‘11,2] .

The problem is thus reduced to finding the stable oscillations of two inde-
pendent harmonic oscillators on each of which a sawtoothed force acts
(see problem 5.19(a)).

6.27.

ax(x1+ % —mw?) axxy cos wt
2(0? —0?) (0° —o2 COSWl, Xo = — o s 5
m*(w?® — ) (0? —w3) m¥(w? —w}) (0 —w)

X1 =

where w? = #/m, w} = (x4 2x)/m.
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6.28. (a)

_ Fycos g cos wt _ Fosin ¢ cos ot
T mei-0?) T om@i-w?)

where w} = x,/m, w§ = x/m, @ is the angle between F and the x-axis
(AB), and x and y are the displacements from the equilibrium position
along AB and CD. The particle oscillates along a straight line through the
centre. It is interesting that when w? = w} sinp+ wicos®p this straight
line is at right angles to the vector Fo. In that case the work done by the
applied force vanishes. Therefore, it seems that even the smallest amount
of friction must lead to a damping of the oscillations. Explain this
situation.

(b)
F cos ot F sin wt

T om0 —w?) V= mei—w?)

The trajectory is an ellipse with semi-axes a = F/m(w?—w?) and
b = F/m|w}—o?. If the quantities w?—w? and wj—w? have opposite
signs, the particle moves clockwise along the ellipse, while the force
vector rotates counterclockwise.

How does the picture given here of the motion of the particle change
when the tension in the springs in the equilibrium position differs from
zero?

6.29. x; = x, = ax cos wt/(x—mw?), where the x; are the displacement
along the circle from the equilibrium position of the two particles. Reso-
nance is possible only at one of the normal frequencies when w? = x/m
(see problem 6.31).

6.30. Using the notation of problem 6.2 we have

ax(w3 —w?) cos wt 2ax? cos wt

M= - (@) * P e —od) (@ —a)

We draw attention to the fact that if w = ws, x; = x3 = 0, and x; =
—acos wt. Why is the number of resonance frequencies less than that
of eigen-frequencies?

6.31. Substituting x; = ZA(’)A}’) cos wt into the equations of motion,

Zmij5€'1+2x;,x, = fi cos wt, )
j J
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we get the following equations to determine the coefficients A():
—? Y mAOAP + 3 % JOAD = f,. @)
il I

The simplest way to solve these equations is by using the orthogonality

relations (5) and (6) of problem 6.14. To do this we multiply equations

(2) by A% and sum over i; we get then

L

my(wf —w?) ’

my = Z miiAss)Ag;)’ w? = nfm;, K= Z”UA?)A/('S)‘
iJ ij

1 = where F, =} 40f,,

The quantity w, is the sth eigen-frequency of the system, in accordance
with equation (4) of problem 6.14.' The w-dependence of the A shows
resonances.

For the normal coordinates g,, introduced by the equations

xi= 3 A0 q0), )
we have instead of equations (1) the following equations of motion:
msq.x +xsqs = F; cos wt. (4)

It is clear from (4) that if the force vector f; is orthogonal to the amplitude
vector of the sth normal vibration,

Y APfi =0,

the corresponding normal coordinate satisfies the equation for free oscilla-
tions and there is no resonance for = w,. We note that the work done
by the applied force is in this case equal to zero:

Z, fidxi =Y fi4” dg, = 0.

Consider the case where the force vector is parallel to the amplitude
vector of one of the normal oscillations, f;/4® = constant (i = 1,2,
..., N). Can such a force excite other normal vibrations?

6.32. Let us to simplify matters consider only the motion of the particles
along AB. Let N be the number of particles in the system, and x; the dis-

t If some of the eigen-frequencies are degenerate we shallassume that the amplitudes

of the eigen-vibrations corresponding to them are chosen in such a way that they satisfy
the orthogonality relations (5) and (6) of problem 6.14.
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placement of the ith particle from its equilibrium position. Let us consider
one of the normal vibrations

r = (A, As, ..., Ay) cos (ot +@). )

As the substitution x;—~ xy_;,, leaves the Lagrangian invariant, there must
be together with (1) a normal vibration of the form

r, = (ANAN—D ceny Al) cos (COt+(p) (2)

(a) If the frequency w is non-degenerate, the solution (2) can differ from
(1) only by its sign, so that either 4;= Ay _;,,, that is, masses at the same
distance from the centre of the system move in phase,or 4; = —Ay_; 1,
that is, corresponding masses move in antiphase,

(b) If the frequency w is degenerate, the vibrations (1) and (2) need not
be the same. However, their sum and difference

(x1, X2y ..., XN) =rtn
= (A1 AN, A2+ ANy, ..., ANt A1) cos (0t +p)

are also normal vibrations with the same frequency and they have the
required symmetry properties.

What are the symmetry properties of the normal vibrations of systems
with a centre of symmetry (see, for example, Fig. 28)?

6.33. Let the points A4 and B oscillate in phase with an amplitude a(z);
the force vector, acting on the system, then is of the form £(¢) = (1, 0, 0,
..., 0, I)xa(?). 1t is clear that it is orthogonal to those normal vibrations
for which masses which are equidistant from the centre move in antiphase,
that is, x; = — xy_;,,- According to the results of problem 6.31 these nor-
mal vibrations will not be excited. One can show similarly that if £(r) =
(1,0,0, ...,0, —1)xa(t), the normal vibrations with x; = xy_;,; will
not be excited.

6.34. It is clear that the motions of the particles in the horizontal and
the vertical directions are independent. We shall consider the motion in
the horizontal direction. Displacements to the left for the first and
fourth, and to the right for the second and third particle shall be taken
to be positive. According to the result of the preceding problem we can
choose the normal oscillations to be symmetric or antisymmetric with
respect to the lines AA and BB. For an oscillation which is symmetric
with respect to AA, we have x; = x,, x2 = x3. If this oscillation is also
symmetric with respect to BB we have x; = x2, x3 = x, so that for
this doubly symmetric oscillation we have r,, = (1, 1, 1, 1) gq,.

176



6.35 Answers and Solutions

For the oscillation which is symmetric with respect to AA and anti-
symmetric with respect to BB we have x; = x,, x2 = xz and x; = —Xx.,
x, = —xs3 so that r, = (1, —1, —1, 1) g5 Similarly we find r,, =
(1,1, =1, —1) g, ¥aa = (1, —1, 1, —1) ga.. In the same way we can
find the normal oscillations in the vertical direction. The frequencies of
the oscillations can be found by substituting the eigen-vectors into the
equations of motion.

If the normal oscillations are degenerate, they cannot have these
symmetry properties (see problem 6.13).

6.35. We shall look for solution of the equations of motion (see prob-
lem 6.27)

m551+0t5€1+xx1+x1(x1 —x2) = »a Re e,
m¥e+axe+xxs+x1(x2—x1) = 0,
in the form
X = Re Aeiml’ X = Re Bei*.
For 4 and B we get the equations

(—mw?+2mAio+x+x1)A —x1B = xa, 2dm = a,
—11A+ (—mw?+2miio+x+x,)B = 0,

whence
_ ax(x + %1 —mw? + 2iAmw)
m2(w? —2ikw —0?) (0? —2ilo —03)
_ axxy
m¥w? —2iAo —0?) (0* —2ilo —wf)
. = an/ (0 — 20} —10d? + 4% cos (ot + @1 + P2 +9)
' my/ (@ — w0l + 42207 [(] — )2 + 4222
B axy cos (wt+@1+@2)
2 /(@ =0l + 4R [0 — o+ 4]
® #4231 2w
w%:;, 0)%=T, tan¢1.2=m,
tan = —Mw___
VS el
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There is a phase difference y between the oscillations of the two masses;
the oscillations of the first mass are never completely damped. As functions
of the frequency of the applied force, w, the amplitudes of the oscillations
have either one or two maxima, depending on the ratios of the quantities
w1, we, and A.

6.36. If x and y are the displacements from the equilibrium position of

the first and the second mass, respectively, we have for the Lagrangian of
the system

K1+x2 X2 Ko+ %3

1
= _ . 2412 —
L 2m(x+y m p

2, %2

y +; xy) +x1ax cos wt;

it differs from the Lagrangian considered in problem 6.4a only in the term
#1xa cos wt, corresponding to a force x1a cos wt acting upon the first mass.
We shall use here the notation of problem 6.4a. The partial frequency
3,9 = (%,,3 +%5)/m corresponds to the eigen-frequency of a system which
we obtain by fixing the second (first) mass, that is, by putting y = 0 (re-
spectively, x = 0). When we change to the normal coordinates Q; and Q,
the Lagrangian becomes

L = 1m(Q% — Q202+ 02 —Q20%)+ Q.%,a cos p cos ot —Q,x,a sin @ cos .

For the coordinate Q; (Q2) we get the equation of motion of a harmonic
oscillator with frequency £, (£2;) under the action of an applied force
%1a cos @ cos wt (respectively, — x4 sin ¢ cos wf). The initial conditions
are 0[0) = 0(0) = 0. We get
F1, o(cos wt —cos 21, 2t)
Q1,2 = — ,
m((}, 5 —a?)

where F; = xja cos ¢ and F2 = —x;jasin ¢ are the components of the
amplitude of the force F = x;a along the normal coordinates Q; and Q>
(see Fig. 96). It is interesting to consider resonance at the second
eigen-frequency for the system in the weak coupling approximation,
€ = #go/(#1—n3) << 1 (to fix the ideas we have assumed that x; > x3).
If we put = Q25(1+¢;)and | &; | < 1, we have

x1a

0, = g (cos wat —cos wt);
=
xiae . .
Q.= —m;ze sin (3 exwat) sin wat, when |e] <1,
2°1
—a .
0. =—2mal) etsinwyt when & =0.
2
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We see thus that for even the smallest coupling the amplitude Q. can
become large or even steadily increase with time, although the rate of
change will then be small. Since the angle of rotation is small (sin ¢ = &),
we have for the displacements x = Q@;—¢Q», and y = Q».

What is the rate of change of the amplitude of the vibrations for reso-
nance near the first frequency w = 2;?

How will the character of the vibrations change if on both particles we
have acting a small frictional force, proportional to the velocity (compare
problem 5.11)?

6.37. The Lagrangian is
L = gm(@}+ a3+ ul) — 5% {(|rio— rao + 8 — 15| — 1)?
+(|reo—rao+uz—uz| —I*+(jrso—rio+us —us| —1)?}, n

where I = |r10—"r20l = |P20—rasol = |rso—riol; ¥, is the displacement of
the ath atom from its equilibrium position, which is determined by the
radius vector r,o. Since |u,| < I, we have

L = 3 m@3+id+id) — 5 x{(e12-[us — us])>+ (€23 [uz — us))?
+ (e31+[us — u1])?},
where

Fio —Fjo

€ = i

In the system of reference where the total momentum m(u; + #2+ u3) =0,
the condition

urtus+uz3 =0 2)
is satisfied. Moreover, we impose upon the #, the condition
[ri0 A uw1]+[rz0 A u2]+[rso A us] =0, 3

which is equivalent to requiring that the angular momentum of the
molecule,

M=mY [{raotus} A\ i), )]

vanishes up to and including terms of first order in the u,.
It turns out to be convenient for the description of the motion to
introduce for each atom its own Cartesian system of coordinates
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Y3

FiG. 100

(Fig. 100), thus retaining symmetry in the description of the system.
Equations (2) and (3) give in terms of those coordinates'

y1+(—3p2—3x2V/3) +(—3ys+3x3V/3) = 0, 5)

)’2"’(_%)’3"'%"3\/5)"' (=30 —%xl\/g) =0, (6)
y1t+y2+ys =0,

and hence
yy = X2—X3 Yo = X3 —X1 yg = X1—X2
1 \/3 ’ 2 '\/§ ’ 3 \/3 ’
nd
Sy g M3, .
L= ?(x1+x2+x3)— 7(x1x2+x2x3+x3x1)—5 #(x}+ x5+ x3).

t For instance, multiplying equation (2) by e,;, we get (5). One must bear in mind
that the vector e,, in the different coordinate systems has the coordinates e,3 = (0, 1);=
= (3v3, - P: = (—-}v3, -, while u, = (x,, y.),- Equation (6) follows from (5)
through a cyclic permutation.
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The equations of motion are
%m(55c'1—5c’2—5c'3)+3xx1 = 0,
Am(5%y— X3 —%1)+ 3xx2 = 0, )
+m(5%3 —X1—%2)+ 3xxs = 0.
One normal oscillation is obvious:
= 2P = ) = g, ®)

Substituting (8) into (7) we find the frequency of this oscillation,
w1 = 4/3x/m. The two other normal oscillations are orthogonal to the
first one which, using the metric ;;, leads to the condition

X+ xP+xP =0, s=2,3. )

Substituting (9) into (7) we find w, = 4/3%/2m; this frequency turns out
to be twofold degenerate.

The substitution (compare eq. (7) in problem 6.10)
X1 = q1+592V3+%54s, X2 = qi—392V3+ 343, X3 = qi—qs
leads to a Lagrangian of the form
L = §m(d3+q3+43) — 12243+ g3+ g3)- (10)

The normal coordinates corresponding to these coordinates are shown in
Fig. 101.

(a) (b) (c)
Fic. 101

The form of the Lagrangian (10) is retained under a rotation in the
q2, g3-plane.
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If we include terms which are quadratic in the u,, the angular momen-
tum

M| = mY, [u, A #.] = m|qzgs —gsge| (12)

can be non-zero, if there is a phase difference between the oscillations g
and gs.

It is interesting to analyse what changes are introduced if we consider
now the possibility that the potential energy may depend on the angles
between the bonds. It is clear that such a dependence will not affect the
frequency of the g, oscillation. The frequencies of the g2 and g3 oscillation
will be changed, but a twofold degeneracy will remain. Indeed, together
with a g-oscillation we can also have another oscillation obtained from
the original g-oscillation by a rotation over 120°. Its frequency must be
the same as that of the original oscillation. On the other hand, the g-coor-
dinate will differ (only the ¢; oscillation remains the same under a rotation
over 120°). We find thus two independent oscillations with the same fre-
quency. The normal coordinates must in this case satisfy only one condi-
tion: they must be orthogonal to ¢;; in particular, g, and ¢3 remain nor-
mal coordinates.

6.38. Let the oscillation for which the molecule retains its shape (Fig.
102a) have a frequency ;.

Fic. 102
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The frequency w: of the oscillation which retains its form under rota-
tions around OD over 2x/3 (Fig. 102b) is, in general, different from w;.
One can obtain another displacement of the atoms by taking a reflection
in the plane BCO; we obtain oscillations which differ from the second
one only in that atoms A and D change roles. The frequency of that
oscillation w3 = w,. Similarly, in the reflection in the plane AOC the roles
of atoms B and D are changed, while the frequency remains the same,
w, = w,. This fourth oscillation cannot be reduced to a superposition
of the previous ones as, in contrast to those, it is not symmetric with
respect to the plane AOD.

The oscillation which is symmetric with respect to the planes AOB
and DOC (Fig. 102c) has a frequency ws which is different from w; and
wz. A rotation over an angle 2zn/3 around OD which results in a cyclic
permutation of A, B, and C, leads to an oscillation which is symmetric
with respect to the planes COA and DOB, and its frequency w; = ws.

The molecule has thus three eigen-frequencies which are, respectively,
non-degenerate and twofold and threefold degenerate.

In conclusion we note that the molecules considered in problems 6.37
and 6.38 are, clearly, not to be found in nature. However, a similar ap-
proach can be used also for real molecules.

7. OSCILLATIONS OF LINEAR CHAINS
7.1. The Lagrangian of the system is

N N
Lx, %) = m ¥ xﬁ—%x[xH ) (xn—xn-1)2+x%v], 1)
n=1 n=2

where the x,are the displacements of the nth mass from its equilibrium
position. We also introduce the coordinate of the equilibrium position of
the nth mass, y, = na, where a is the equilibrium length of one spring.
The Lagrangian equations of motion

mx1+#(2x1—x2) = 0,
mxX,+#(2%n —Xpn_1—Xp31) =0, n=23,...,N—1, 2)
min+#(2xy—xn_1) = 0,

are equivalent to the set
min+#2xy —Xn_1—Xn31) =0, n=12,...,N, 3

with the additional condition

Xo = XN4+1 = 0. (4
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We expect from physical considerations that the normal oscillations of
the system will be standing waves. It is, however, convenient to consider

Xn = AeltEre), )
The set of N equations (3) then reduces to the one equation

2 _ 4% ol
0 4msm2<p, (6)

which determines the relation between the frequency © and the difference
in the phase of neighbouring particles p. The meaning of the substitution
(5) consists in the choice for the x,, of a solution in the form of a travelling
wave with a wave vector p = ¢p/a such that np = nap = py,. Equation (6)
thus establishes the relation between the frequency and the wave vector.

Conditions (4) can be satisfied by taking a superposition of waves tra-
velling in two directions,

Xp = Aeii=n9) | Beitwi+n),

The condition xo = 0 gives 4 = —B, or x = 2iB sin np ¢, that is, a
standing wave. From the condition at the other end, xy,, = 0 we deter-
mine the spectrum of possible frequencies. The equation sin (N+1)p = 0
has N independent solutions

s
(ps_m—i’ S—l,2,...,N. (7)
In fact, s = 0 and s = N+ 1 give vanishing solutions; for s = N+/ the
phase ¢y, ; = —@n_;4 2+ 27, that is, the solution correspondingtos = N+
can be expressed in terms of the solution for s = N—/+2. From (6) and
(7) we find N different frequencies:

% . 1 P s
s = 2‘/;58"15%_2 ‘/r_r; sin '2—(N+'l)_’ s=1,2,...,N.
®

The different frequencies are shown in Fig. 103 by the discrete points on
the sine curve. The vector of the normal oscillation corresponding to the
sth frequency is

2 . . .
rs = (x1, X2,..., XN) = N4 (sin g, sin 2¢p;, ..., sin Np,) g,(t), (9)
where
qs(t) = Re (2iB;e’') = ¢, cos (wst+ay)
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is the sth normal coordinate while the factor

(G

'_2_ N
- = 1n2
VN-I— 1 [";1 sSin mps]

is introduced to get the normalisation (r,-r,) = 8,,q%.

AN

1 2 N N+1

FiG. 103

The general solution is a superposition of all normal oscillations:
i 2
Xn= 2 VIV—I-—I sin ne; g,(¢). (10)
The matrix giving the transition from the x, to the g,
2 . ans
Une = VNHS"' N+1’

is an orthogonal matrix which reduces the Lagrangian to a sum of squares
corresponding to a set of N different oscillators:

N
L(x,x) = Zl Ly(qs, 4s); Ly(qs, 45) = % m[§3 —wlq?].

7.2. The equations of motion for the given system are the same as equa-
tions (3) of the previous problem but now with the additional conditions

PCM 13 185
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xo = 0, xy = xn, ;. We get thus

@2s—1)m Vx'. 2s—1)x
Ps = 2N+1 N S—1,2,...,N, w3—2 Eslnm,

Xy = Y. A sin np, cos (wf +a).

For the particular case when N = 2, see problem 6.1.

7.3. The equations of motion are the same as equations (3) of problem
7.1 but now with the conditions xo = xy and xy,, = x1. We get thus

27ns ® . 7S
Ps =5 o s=0,1,...,N=1; s =2 ’—n—smﬁf;
the frequencies w; and wy _ ;are the same and the wave vectors correspond-
ing to them differ only in sign: ¢, = 2n—¢y_,. The frequency we= 0
corresponds to the motion of all masses along the ring with a constant
velocity. In this system oscillations of the form

x() = Re A ei(@st—np) )

are possible, that is, waves which travel along the ring. The above-
mentioned twofold degeneracy of the frequencies corresponds to waves
moving in opposite directions. The presence of two such waves with equal
amplitudes gives a standing wave:

X4 XN = 2| 4| { oS np; cos (gt +a,) }

sin ngp;, sin (st + o)

2

This is also a normal oscillations (all points move either in phase or in
antiphase).
In terms of the appropriate normal coordinates,

R
Xo = Y. (gs1 COS NP+ sz sin 1) +qo, R = 3(N—1) (N: odd), (3)
s=1
the Lagrangian is reduced to diagonal form:
R
L= 3N m{qg + Z’x (4% + g2 — g% + %)} )]
(If the number of particles is even, equations (3) and (4) must be some-
what changed as the frequency wy,, is non-degenerate; equation (1) at

once defines a standing wave for s = 1-N.)
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It is interesting to note that rotations in the g,,, g,,-planes,

91 = q;l cos :Bs_q;z sin ﬂ.\" qs2 = q.:l sin :Bs+q.;2 cos .Bsa
which leave the Lagrangian (4) invariant, correspond to a displacement
of the nodes of the standing waves:
R
X = got ¥ g cos (. ) + 45y sin (s —f)

The average energy flux along the ring is for the travelling waves (1)
given by (compare problem 6.8)"

2

-1 21/m . 1 .
Sav = (—w—) J; H(Xny1—Xn) Xpdt = 5 | A 20 sin ¢,

while the group velocity is

do X 1
Ve = gp = | ,,, 3€05 2 P,
where a is the equilibrium length of one spring, while p = ¢/a is the wave
vector. The energy is

E= ;mZxﬁ-f— ; %Y (Xn—Xu_1)? = 2N | A |2 sin ; P,

and we have thus Evg/Na = S,,.
7.4. (a) The equations of motionare (n = 1,2, ..., N)
M3 gn_1+#(2X2n—1 —Xon—Xan_2) = 0,
Mg+ #(2X9, —Xon—1 —Xan41) = 0.
Here
Xo = Xan41 = 0. (1)

We shall look for a solution in the form of travelling waves with different
amplitudes

xzn—l = Aei[mli(zn—-l)'ﬂ ,
Xo, = Bellwtt2nel @
To determine A4 and B we get a set of homogeneous equations,
(—maw?+2x) A —»(e~'?+€e'®)B = 0, 3)
—xn(e~ @+ e?) A+ (—Mw?2+2%)B = 0,

t In the following we drop for the sake of simplicity the index s. The calculation of S, |
and of the energy E is most conveniently carried out using complex variables (compare
Landau and Lifshitz, 1962, § 48).
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which have a non-trivial solution only if its determinant vanishes. This
condition determines the relations between the frequency and the differ-
ence in phase of neighbouring particles:

x 4u? mM

The boundary condition (1) is satisfied only by well-defined linear combi-
nations of the travelling waves (2), namely,

Xen—s = A, sin (2n—1) @, cos (wst +a;),

Xan = B; sin 2ng; cos (st +e),

for which ¢, = sn/(2N+1). Since @, ,_, = T—@, we get different fre-
quencies, having chosen one of the two signs in (4), only fors=1, 2, ..., N.
These are indicated (for the case when M > m) in Fig. 104 by distinct
dots on the two different branches, one of which, the lower one, w_, is
usually called the acoustic, and the other, the upper one, » , is called the
optical branch.

The general solution has the form

N
Xan—1 = 3, Sin (2n—1)@s[A(4)s COS (@45t +05)+ A(—ys €08 (—yst + )],
s=1
N
Xopy = 21 §in 2n@,[B+)s €0s (W45t +0ts)+ B(_ys cos ()5t + B5)],

where the A4 and B are according to (3) connected by the relation

—mow? %

B1)s = A(i)t'%}s%~

It is noteworthy that B__, and 4,_, which correspond to the acoustic
frequencies have the same sign while B, and A, for the optical fre-
quencies have the opposite sign (that is, neighbouring masses m and M
move in antiphase). The amplitude of the oscillations for the case N = 8,
s =2 is shown in Fig. 105 where the ordinate gives the number of the
masses and the abscissa gives the amplitude (a gives an optical and b an
acoustic mode).

How can one obtain from the results obtained here the limiting case
when m = M (see problem 7.1)?
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(b) The normal oscillations are
x§) = A, sin 2ng, cos (w,t +a,),

K sin 2ngp; +x sin (2n —2)g;

X1 = 4, %+ K — mw?

cos (w,t +a,),

where
! = ':1 [K+2%F \/(K—%)2+4xK cos? g,

is determined from the equations

K—x

K+

tan QN+ 1) g, = — tang,, s=12,...,N, 0=g¢, <3m.

Figure 106a shows the optical and acoustic branches of the frequencies
for the case K > x.

What happens in the limiting case when » = K?

(c) We have ¢, = 71s/2(N+1); for s = 1,2, ..., N we get 2N normal
oscillations and normal frequencies which have the same form as under

© w
'1K+x) b [2(K+x
™ 0\.\ A r_.\.

'k. & \._

N N NeT S

(a) (b)
FiG. 106

(b) (see Fig. 106b). How does one find the necessary and very interesting
normal oscillation for which x,, = 0, Kx,,_; = #x,,,,, the frequency of
which, w? = (x+ K)/m, lies in the forbidden band between the optical
and acoustic branches ? The distribution of the amplitudes of this oscil-
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lation is shown in Fig. 107 where the ordinate and abscissa show respec-
tively the number of the masses and their amplitudes. Masses with an even
number are not moving while neighbouring masses with odd numbers are
moving in antiphase with exponentially damped amplitudes, when we
move away from the left-hand end of the chain (“surface phonon”).

7.5. We look for a solution of the equations of motion,
mx,+2#2xXp—Xp_1—Xpn41) =0, n=12...,N, )

with the boundary conditions xo = 0 and xy,, = acos wt in the form
x, = A sin np cos wt, so that the first boundary condition is immediately
satisfied. From the second boundary condition we find 4 = a/sin (N+ 1)g,
while from equations (1) we get for the “wave vector” ¢ of the standing
wave

mo?

in2lep = —o
sin? 39 =
When w? < 4x/m the stable oscillations
a sin np
sin (N+1)¢

have a large amplitude when sin (N+ I)pis close to zero. But this is just

cos wt 2)

Xn =

AN
A\
I\\
oy S
| \ \‘\
I Iy T~
1 \ ;o /7\\\\\

! \ \ \ A —
| / / \ / N\ -
! / \ / \
$—+— 1 —+—F—>

\
\ ! \ ! N N~
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7
7
7
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the condition which determined the spectrum of the eigen-frequencies w, of
the system (see problem 7.1), that is, we have then a near-resonance
situation, ® ~ ®,. When o < @, = 24/ %/m sin[z/2(N+ 1)] the oscillations
(2) correspond to a slow extension and compression of all springs:
X, = (an/[N+1]) cos wt.

If w? > 4x/m, we change ¢ to—iy in (2) and get

sinh ny
Xp = (—DN+1+ng ————
where (=D sinh (N+ 1)y

maw?

vl

cos t,
1
cos h2y p =

The oscillations are (exponentially when ny > 1) damped towards the left-
hand end of the chain. The reasonableness of this result is particularly
clear when w? > 4x/m when the frequency of the applied force lies appreci-
ably above the limit of the spectrum of the norma frequencies. In that case
the mass on the extreme right oscillates with a small amplitude in anti-
phase with the applied force while the (N — 1)st mass is in first approxima-
tion at rest. Then we can consider the motion of the (N—1)st mass as a
forced oscillation caused by an applied force ot high frequency arising
from the Nth mass, and so on.

We note that a similar damping of the wave occurs in the phenomenon of
complete internal reflection (for instance, when short wavelength radio-
waves are reflected by the ionosphere).

What is the form of the stable oscillation when w? = 4%/m?

_cos(N—n+3)p g1 mw? , 4
xn—am)——coswt sin? 5= A when 0?2 < pt

_ . Sinh(N—n+ 2)1p o1 mw? 4x
x,=(=D"a sinh (V1 2) cos wt, cosh? 5y = e when w? =
7.6. If the frequency of the applied force lies in the range of the acoustic
normal frequencies, 0 < w? < 2x/M or in the region of the optical normal
frequencies 2x/m < w? < 2x/u (see problem 7.4 (a)) the stable oscillations
are
__sin(2n—1)p
Yon-1= 4G N D

Xoy = 4 2x —mwfa sin 2ngp cos ot
=5 ) 2x—Me?" sin 2N+ 1)p ’

cos wt,
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where
1
cos?p = y (2% —mw?) (2% — Mw?),

while the upper (lower) sign corresponds to o lying in the range of the
acoustic (optical) frequencies.

For frequencies lying in the “forbidden band” 2x/M < w? < 2x/m, we
have
cosh (2n—1)y

— (—|Wtng_ 2"\ IV
Xen1 = (=1)"*"a cosh 2N+ 1)p

cos wt;
2% —mw?  Sinh2ny

Xon = (=D | e SN + )y

cos wt;
sinh?y = 4_;‘: (2% — M?) (2% —mw?),

while for frequencies w? > x/u, which lie above the limit of the optical
branch,

, Sinh 2n—1)y
sinh N+ 1)

N ___a‘/2x—mw2 sinh 2ny 08 oot -
2= 2%—Mao® sinh QN+ 1)y OO0

Xon—1 = cos wt;

cosh?y= TL? (Mw? —2x)(mw? —2x);

the vibrations are damped exponentially towards the left-hand side end of
the chain. .

7.7. (a) We look for the solution of the equations of motion,
mx,.+%(2x,,—x,|_1—x,,+1)=0, h= 1,2) ""N_l; (1)
myXn+#(2xXN —Xn_ 1) =0 (2)

(with the boundary condition xo = 0), in the form of standing waves:

X, = Asinnpcos(wt+a), n=1,2,...,N—1; 3
xy = B cos (ot+a). )

From (1) we get the relation
w= Ysintyo )
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Using (3) and (4) we get from (1) and (2) the set of equations
AsinNp—B =0,

—A sin(N——l)(p+(— 4ZN sin? 3+ Z)B =0.

Hence B = A sin Ny, while the parameter ¢ is determined as the solution
of the transcendental equation

sin No [4—:::9' sin? 3¢ —2+ cos (p] = cos Ny sing. %)

When my > m, we have apart from the obvious normal oscillations,

X = A, sinng,cos (st +a;), n=1,2 ..., N-1,

XY = A, sin Ng, cos (w2 + ),

m
tanth,w—zm—Ncos%qJ,, s=12,...,N—1,
when the mass my is practically stationary (sin Ny, < 1), also a normal
vibration with an amplitude which increases linearly to the right-hand side
of the chain:

n % 1
xM = By cos (wnt+ay), oy = " (l +-1\7) .

The mass my then oscillates between springs of stiffness » (to the right)
and »/N (to the left). The fact that equation (5) has such a solution can be
seen as follows. Assuming ¢ to be small and retaining only the main terms
we get from (5): g% = (m/my)(1 + N~1) completely in accordance with the
assumptions made.

When my < m we have the usual oscillations characteristic for a system
of N—1 masses with a spring of stiffness »/2 at the right-hand end (the
parameters @, and the frequencies w,,s =1, 2, ..., N—1, are determined
from the equation tan Np = —sin ¢/(2—cos ¢)). Apart from those there
is also a normal oscillation with an amplitude which decreases towards
the left-hand side of the chain:

sinh nyp
Ny — (_1W+n .
xM = (=1)N+r B sinh Ny cos (wnt+an);
21, _ M 2 _ 2%
cosh? 5y min >1, oy e
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Formally, the value of the parameter y can be obtained from equation (5)
using the substitution ¢ = m—iy, assuming y to be large. This normal vi-
bration can in first approximation be considered to be the simple oscillation
of the small mass m,, while the other masses are at rest, while we afterwards
consider the motion of the other masses as forced oscillations under the
action of a high-frequency force,

(V5
#Xy = %B cos —ttay),
my

acting upon the right-hand side of the chain of N—1 identical masses
(compare problem 7.6).

(b) When #y,; < x the solution is the same as the solution of problem

7.2. When #,, ; > » there are normal oscillations for which the Nth mass is
practically at rest:

x$) = A, sin np, cos (o, +a);
= A, sin Ng; cos (o, +a,);

4% . s

w? = o sin 395, @5~ N 5= ,2,...,N—1.
The parameter g, is determined from the equation
(2 sin2 L — “N+1 ) sin Np = cos Ny sin ¢, (6)
which in the approximation considered has the form
tan Np = % sin P.
AN+1

Equation (6) has yet one more solution which we can obtain by putting
@ = m—iy and assuming y to be large. In that case we have

sinh ny KN +1
N) — (—~1N+ > Y 21, _ “TN+1
x¢ (=1DN+n By sinh Ny cos (wnt+ay), cosh? 3y = R
02 — TN+
~ )

m

that is, the amplitude of this oscillation decreases towards the left-hand
side of the chain.

How can we obtain this last oscillation by using the results of problem
1.5)?

195



Collection of Problems in Classical Mechanics 7.8

7.8. The equations for the oscillations of the discrete system (see
equation (3) of problem 7.1) can be written in the form

PRPLE [""“_xf—x"_""-‘]l =0 (1
m a a a
The quantity m/a = Nm/[Na becomes in the limit the linear density of
the rod p. The relative extension of the section a, that is, the quantity
(x,—x,_1)/a is proportional to the force acting upon it, F=
»a(x,—x,_,)/a, and »a thus becomes in the limit the elastic modulus Y of
the rod. Equation (1) in the limit thus becomes the wave equation
*x(, 1), 0%, 1) _

e - o T 0, (2)
where v = 4/(Y/p) is the phase velocity of the wave.

Instead of a set of N coupled differential equations we have obtained
one partial differential equation (compare problem 4.26).

We note that in our derivation we had to make the important assump-
tion that the function x,(¢) tends to a well-defined limit x(&, ¢) which is
a sufficiently smooth function.

7.9. If a is small we can approximately write the displacement in the
form

Xn = x(éi t)’
ox(¢, 1) %x(&, 1) Px(E, 1)
X1 = XEta,0) = x( N ka—gi—+ e gt ia g +
Equation (2) of problem 7.8 then changes to the equation
2 2 2 4
02x Y 9% Yd ax=0. M)

ot g °F 120 0

While each of equations (1) of problem 7.8 contains the displacements
of three neighbouring points (long-range interaction), equation (1) here
contains the displacement x in a given point & (short-range interaction).
The term —(Ya?/12p)(0*x/0&%) in equation (1) corresponds to taking
approximately into account the small difference between the system con-
sidered and a continuous one (see, for instance, Landau and Lifshitz,
1960a, § 83, for a discussion of spatial dispersion in electrodynamics).
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8. NON-LINEAR OSCILLATIONS

8.1. (a)
pa®

x(t) =acoswt———,-cos3wt, = wo+

3fa?
8wy

(see Landau and Lifshitz, 1960, § 28). In Fig. 108 we have depicted the
function x(¢). When § > 0 there is a “limitation” of the oscillations, when
B < 0, the maxima become sharper. These properties of the oscillations
and also the sign of the correction to the energy can easily be considered
by looking at the graph of U(x) (Fig. 109).

X
4
A\
4 N
r— =T pgp T
B>0 \ Y
\Y 7
X
\
// \
// \§
—— ——~ =~
~ - S -~ -
o = = 7 1
\\ A
B<o N\ /
FiG. 108

(b)

X = acos wet — COs 2wol.

2 gt
207 T 60d

The distortion of the oscillations is non-symmetric (Fig. 110). The shift in
the equilibrium position caused by the influence of the anharmonic cor-
rections plays an important role in the theory of the thermal expansion of
crystals (see, for instance, Haug, 1971, or Kittel, 1968).

8.2.

X = acos ot + yya? cos 2wt —Hy2ad cos 3w,  © = wo+§y2a%w.
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U

Fi1G. 109
« 2
x+2—:g _
\\
e /A
— - S A ~Y
FiG. 110
8.3.
a2 (M .
= — 20¢

= I cos 2t + 12(g —I%) (2 —4K) sin

(the notation is that of problem 5.9).

8.4.
X=xO4xD4

_ ficos wyt Sfacos wat

O — )
m(wy—w}) = m(wj—oj) ’
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x(]) - _ —af% o af% o
Dol il — )

_ of 2 cos 2w, ¢ _ af % cos 2w,t
2m(wi —4w}) (g —w?)?  2m(wi —40d) (wi —wi)?

. aflfz COs ((Dl —602){ .
miw§ —(o; —w3)?*](wf —w}) (0§ —w3)

af1/2 €0s (w1 +w2)t
mlwg —(; + @p)?] (0§ —w}) (0§ —w3)

What combinations of frequencies will occur when we take an anhar-
monic correction of the form 6U = tmfx* into account?

8.5. (a) We look for a solution in the form
x = Aet 4 A*e~ir.
Equating the coefficients of ¢!, we get
[w3—w?+2idw+3B| A12]4 = 3,

and hence
[(@3—w™+3p1 4 1) +42%0?] | A2 = 112,

A study of this equation which is cubic in | 4|2 can be done in the same way
as the study of the analogous equation (29.4) in Landau and Lifshitz
(1960).

8.6. (a) We look for a solution of the oscillations equation
X+2A% + 0f(1+hcos 2wt )x+8x% = 0 a)

in the form
x = A’ + A*e— i1, )

and we retain only the terms containing e¥™*.! Putting the coefficients of
eti®t equal to zero, we find

JhoRA + (0? —wd —2iwd —3| A?)4* = 0, } 3

FhodA* + (0 —wd+ 2iwd —38| 4[2)4 = 0.

t Assuming that the terms in e*3/* are appreciably smaller will be compensated by
the contribution to x from the third harmonic, as will become clear in the following.
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We can only have a non-vanishing A4, if

Lhep W 0§ —2iod =347 _
0 —f+2i0d —3B| A Lhod =% @
Hence
A% = ! [w’ —wi+ ‘/(L hwz)2 —(2w1)'~'] )
3'3 0 -1 2 0 .
From (3) we get’

— 2
sin2p = Im j_ = W“: ; cos2p=F I—z%{ ‘/(; hwﬁ) —(wA)2. (6)
Thus,
x = acos (ot +¢), @)

where 4 = Jae®.

Figure 111 shows how | 4|2 depends on w? (to fix the ideas we have
assumed that § > 0). In some frequency ranges two or three (including
zero values) different amplitudes of stable oscillations are possible.

A2

FiG. 111

The amplitudes corresponding to the sections AD and CD are not real-
ised in actual cases since those oscillations are unstable (for a proof of this
for the section AD compare the next problem; for a study of the stability
of the oscillations along the sections ABC and CD see Bogolyubov and
Mitropolskii, 1958).

t Equations (6) determine the phase apart from a term nz. There is no sense in deter-
mining the phase with greater precisionas achangein the phase by 7 corresponds simply
to a shift in the time origin.
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(b) When we take the third harmonic into account, x has the form
x = Aeiwr+A"e—iml+Be3iwl+B‘e—3iwl. (8)
We assume that | B| < | 4|, which will be confirmed by the results. Sub-

stituting (8) into (1) we split off the terms containing €**; we then drop
the product of B with small parameters. It turns out that

1, 1 pA?
B= ( 6t g 652—),1, ©)
and, indeed, |B| < | 4].
Therefore
x = acos (wt+¢)+b cos (3wt + ), (10)

where b = 2|B|, y = arg B.

One notes easily that the fifth harmonic turns out to be small of second
order (~ h2A),the seventh ~ h3A, and so on. The even harmonics do not
occur. This is the basis of the method used to evaluate the amplitudes.

8.7. (a) We look for a solution of the equation of motion in the form
x(t) = a(t) cos wt+ b(t) sin wt, (0

where a(7) and b(¢) are slowly changing functions of the time. To determine
a(t) and b(t) we get the following set of equations (compare Landau and
Lifshitz, 1960, § 27):

a+ [a) —wo+ 'i—hwo]b =0, @)
b— [ —wo —Fhwola = 0.

If |o—wy| < §hew,, its solution is
a(t) = ai(cie=*'+ cze*), } 3
b(t) = ag(cle“‘ —'c2e"’),

where

5= 1V (hoo —16(0 —wo)?, 1,2 =4/ hwo+4(w —wo).
Hence
x = c'e’ cos (wt —p)+ C"'e~*' cos (wt +p), 4)

where tan ¢ = ap/a (see Fig. 112).

The oscillations thus increase, generally speaking, without limit. The
rate of their increase which is characterised by the quantity s is, indeed,
small. In actual cases the increase in the amplitude of the oscillations is
cut off, for instance, if the influence of the anharmonic terms becomes
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important (see problem 8.6) or the reaction of the oscillations on the
device which periodically changes its frequency becomes important.

It is useful to draw attention to the analogy between the result obtained
and the particular solution of the problem of the normal oscillations of a
chain of masses connected by springs of different stiffness (problem 7.4c).
An inhomogeneity with period 2a along the chain leads to a build-up
along the chain of the amplitude of the stable oscillations, when the
“wavelength” is equal to 4a (see Fig. 107) in a similar way as a periodic
change with time of the frequency of an oscillator will lead to an increase
in the amplitude with time. An even more complete analogy can be ob-
served with problem 7.6. The region of instability with respect to para-
metric resonance corresponds to the forbidden zone in the spectrum of the
oscillations of the chain.

X

FiG. 112 FiG. 113

Similar equations are obtained in quantum mechanics in the problem of
the motion of a particle in a periodic field. In that problem we also meet
with “forbidden bands” and “surface states”.

(b) If |w—w,| > thw,, we have

x = ¢f1sin (2t+y) cos wt —cf2 cos (2t +y) sin wt,

where

Q = {1V 16 —00)*— (hoo)?,
B2 = V4w —wo) £ hao, when o > wo,
= +1V/4(wo—w) +hwo, when o < wy.

The oscillations are beats:

x = c\/ Mo —wo) —hwo cos (22t +v) cos (wt + ),

202



8.8 Answers and Solutions

where ¢ is a slowly varying phase (see Fig. 113). If the frequency ap-
proaches the limit of the instability region the depth of the modulation of
the oscillations approaches the total amplitude and their period increases
without limit.

What is the form of the oscillations when |0 —wo| = fhwe?

8.8. Let
X = ei"’l’,

when 0 < ¢ < 7. We then have in the interval 7 < ¢ < 27
X = gei*r'+ be~ i,
where a and b are determined from the “matching” condition for ¢ = 7:
x(t—0) = x(t+0), x(r—0)= x(r+0).
Hence we have

_ w1+ we

2

ei("'l_ w,)r’

b = L2~ giconronr,

2

Similarly we find that for 27 < ¢ < 37:

x = aeiw|t+‘Be— iw,r’

where
) Lok .
o = e~ [cos waT+i--——2 sin wet ),
2(01(02
.. P —w?
B = isin et eden L2
2601(02
It is clear that oscillations of the form
Ae' + Be—ient for 0 <t<rm, (1

after a period 2t will become

A(aeiwll + ﬁe— imll) + B(a‘e—- iwyt + ﬂ‘elmll)
= (xA+p*B)el' +(fA+a*B)ei".

We now look for such a linear combination (1) that it retains its form
—apart from a multiplying factor—after a period 2t:

(xA+B*B)eirt + (BA+a*B)e—ir = u(Aeir’ + Be—inrt’), 9)
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where
t' = t-—21,
A +'3*B — ‘ue—-ziwer’
pA+a*B = ue¥erB.
The set (2) has a non-trivial solution, provided

(a — ‘ue—2iw|1) (a* —ﬂvez'.‘"l’) __ﬂﬂ* — 0’

whence
My, 2 = yi.\/.},z__ 1,
where
wi+w? . .
y = Re (xe¥*1") = cos w1 cos WeT — —1——2 sin 0,7 sin wr.
2(01602

After n periods the oscillation
e—2iw,f —o

ﬂ*

X1,2 = Ay, o€+ A1 0e7), 0 <t <7T; A2= 12

has changed to
X, 0(2) = ul o Ay (e + 4, o7 ), 0 <t =t-2nt < 1.

Any oscillation is a superposition of oscillations such as x, ,; in"particu-
lar, a real oscillation (which is the only one which has a direct physical
meaning)

x(t) = Aefn'+ A*e~lt, 0 <t <7,

is the sum x,(¢)+ x2(¢) with

A* — 224 A — A*
A=mn T T

If y <1, |y, ,| = 1 and the oscillations x, ,(¢) (and at the same time
x(t)) remain bounded.

If, however, y = 1, we have u; > 1, and the amplitude of the oscilla-
tions increases without bound. This is the case of the onset of parametric
resonance. One verifies easily that if the frequency difference is small,
w1 —w2| << w4, this condition is satisfied if the frequencies lie close to
nujt:

(01— W)t
| (014 w2)T —27n| < orFa,
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(w;-wf)fz

We show in Fig. 114 the regions of instability against parametric
resonance.

a¥2 g
2 — T 7 2
8.9. w? = P + ]
(compare problem 1 in § 30 of Landau and Lifshitz, 1960).
8.10. (a)
a? [a®  3a-r)?].
Vet = Zmae [7‘7 T ] ’ M
® 2 a  3a-r)?
a ar
Uet = Zmi?—a) [7‘6‘* —r”—] : 2

We draw attention to the fact that the relation U, oc r —%is characteris-
tic for intermolecular forces. If we substitute into (1) the values « = €® ~
(5X10~esu)?, m ~ 10~%g, a ~ 108 cm, w ~ 10'® Hz, which are typical
for atoms, we get U.g ~ 10~ erg cm®/r® which is close to the correct
value for van der Waals interactions, as far as order of magnitude is con-
cerned. This result may serve as an indication of the physical nature of
this interaction. A complete calculation of the van der Waals forces is only
possible using quantum mechanics.

8.11. The motion along the z-axis is nearly uniform, z = v¢. In the xy-
plane there acts upon the particle a fast oscillating force

fx =2Axsinkvt, f, = —2Aysin kot.
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The corresponding effective potential is
Ueg = mQ%x2+y?) where Q= A/mko.

According to the initial conditions, we have for the frequency of the force
oscillations kv > £ so that the force is, indeed, fast oscillating. The par-

ticle thus performs in the xy-plane a harmonic oscillation with frequency
€2 around the z-axis.

This problem illustrates the principle of strong focusing of particle
beams in accelerators.

9. RIGID-BODY MOTION. NON-INERTIAL COORDINATE SYSTEMS
9.1. (a)
\ 2a((m+ M) 2a*(m—M) 0
2a (m—M) 2a*(m+ M) 0
\l 0 0 4a’(m+ M)
(b)
li4ma®2 0 0
‘ 0 4Ma? 0
| o 0 4m+M)a?|
9.2. For both cases one of the principal axes is the axis perpendicular to
the plane of the figure going through the centre of mass of the figure
(z-axis). The principal x-axis is orientated at an angle ¢ with respect to
0'x’ of each of the two figures. The principal y-axis is perpendicular to the
x-axis. Both these axes pass through the centre of mass of the figures.
(a) The coordinates of the centre of mass in the 0'x’y’ system are: b, a;

I, = 2(M + m)(a?+b?);
Lix = (M+m)(a®+ %)+ /(M +m)? (b2 —a?2+ 4 M —m)?a?b?;
Ly = (M+m)(@®+ %) —+/(M+m)* (b2 —a?? + 4(M —m)*a®b?;

(M +m)(b%—a?
2ab(M —m)

tan 2 =

(b) The coordinates of the centre of mass in the 0’x’y’ system are: a, a;

L, = 16ma;, I =42+ 2)ma?; I,, = 42—-+/2)ma?;
tan2¢p = —1; ¢=—3n
9.3.
],, = ‘;I,knkn,-.
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9.4. The centre of mass is a point on the axis of symmetry at a distance
(R—r)r*/(R®—r3) to the left of the centre of the sphere. The body is a sym-
metric top. With respect to the axis of symmetry we have (p: density of
the body)

I, = $mg- $(R®—r3),

and with respect to any two perpendicular axes passing through the centre
of mass:

4

—r)2r3R3
Li=1,=—3me [% (R5—r%) —M]

R 73
9.5.
Dy = di 21: In—3I

(see Landau and Lifshitz, 1962, § 96).

9.6. The centre of mass lies on the axis of the hemisphere at a distance
2 R from the centre of the sphere, where R is the radius of the sphere. The

moment of inertia around any axis perpendicular to the axis of symmetry
is

= EmR2—(3)’mR? = 4mR?,

where m is the mass of the hemisphere. The centre of mass can only
move along the vertical. Let ¢ be the angle over which the hemisphere is
turned, and z the height of the centre of mass above the plane so that
z=R—3Rcos .

The Lagrangian of the system is

L = 31¢*+3mi® —mgz,
or when ¢ is small,
L = 31¢*—{ymgRy*.

The frequency of the small oscillations is thus given by

. 120g
=R

9.7. The moment of inertia of the ellipsoid with respect to the axis of
symmetry is I; = %Ma?; with respect to any axis perpendicular to that axis
and passing through the centre of mass, we have I; = $M(a?+ b%), where
M is the mass of the ellipsoid. The impinging particle of mass m < M
transfers to the ellipsoid a momentum p = (p,, p,, p,) = mv(0, —1, 0)
and an angular momentum M = mw (01, 0, —p2). In the system of refer-
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ence moving with a velocity p/(M+ m), we find (compare Landau and
Lifshitz, 1960, § 33) that the ellipsoid will rotate around the c-semi-axis
with an angular velocity

M, Smvp,

= = 2Ma

while at the same time precessingaround the direction of M with an angu-
lar velocity
o_ M| _ smveitd
I M(a?+b?)

9.8. Let a = b # ¢ be the semi-axes of the ellipsoid; R, @, and @ the
spherical coordinates of the centre of mass of the ellipsoid, and 6, ¢, and y
the Euler angles, and let the x3-axis of the moving system of reference be
along the c-semi-axis. The kinetic energy of the body is (see ter Haar,
1964, Ch. 4)

T = m(Re+ R?62+ R2d?sin? 6)
+31(¢?sin? 0+ 6%)+ 315 cos 6.+ y)?, M

where I = I, = tm(a?+c®) and I3 = Zma? are the moments of inertia
of the ellipsoid with respect to the xj, x2, and x3 axes.

The potential energy for the interaction of the ellipsoid with the gravita-
tional centre is, up to and including the quadrupole terms (compare Lan-
dau and Lifshitz, 1962, § 41; « = GmM, where G is the gravitational
constant),

__ % % 5 g 3cOS?B—1
U - r 10 (02 a ) R3 ’ (2)

where f§ is the angle between the radius vector R and the xs-axis. The
unit vector e,, which determines the direction of the xs-axis has the
components

e,, = (sinfOsinp, —sin 0 cos g, cosh).

Hence we have

(R-ey)

cosfi = R

= cos O cos 0 + sin O sin 0 sin (p — D). )]

From (1), (2), and (3) we get finally the expression for the Lagrangian,
L=T-U.
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9.9.
. 1 1
M+ ('12'— 13—) M:M3 = K,,
Mot (L= L\ MM =
2 (13 11) s = Kz,
Mi+ b1 MM, = K
ot (g, g, ) MiMa= Ks

When I; = I, we get
My = Bcos(wt+ @),
M, = Bsin (wt+ ) (w = (—]3— *l-) Ma),
M3 = constant

(compare ter Haar, 1964, Ch. 4, and also problem 11.7).

9.10. Let us consider the motion around an axis which lies close the the
principal x;-axis. From the Euler equations (ter Haar, 1964, eq. (4.206))

'13 _I’z‘ 9293 = Oa
I

Q1+

we get 2, = constant, neglecting terms of order £, 3/2; < 1. The two
other equations become then linear in 2, and ;. Assuming that

2,3 C e, 1M
we get for s the equation

s2 - _ (11 _13)(11 _12) !2% .
EYES
When I, <I) < Iyorlz <1, < I, équation (2) has real roots so that
according to (1) the rotation around the x;-axis is unstable.
If, however, I, is either the largest or the smallest moment of inertia,
equation (2) has imaginary roots, that is, the changes in 2, and 23 are in
the nature of oscillations and rotation around the x;-axis is stable.

9.11. (a) We use as our generalised coordinates the X- and Y-coordi-
nates of the centre of the disk and the Euler angles ¢, 0, and v (see ter
Haar, 1964, § 4.1). We take the Z-axis to be the vertical and the (moving)
xg-axis along the axis of the disk. The angle ¢ is the one between the inter-
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section of the plane of the disk with the XY-plane and the X-axis. The
Lagrangian is
= 2m(X?+Y2+a%? cos? 0)+ 3 1,(6%+¢? sin? 0)
+41y(¢ cos 0+y)> —mga sin 0,

where I = I, and I3 are the principal moments of inertia of the disk and
the x1-, x2-, and x3-axes are along its principal axes; a is the radius of the
disk and m its mass; the centre of the disk is at a distance Z = a sin 0
from the XY-plane. The generalised momenta

mX = px, mY = py, I sin? 0+1I3cos 0(¢p cos 0+9) = p, = Mz,
I3(¢ cos 0+9) = p, = M, M
together with the energy are integrals of motion. In the coordinate system

moving with the constant velocity (X, Y, 0) the centre of the disk moves
only vertically. From (1) we have

. _Mz—MaCOSo _M3 Mz—MaCOSO
T T hLsnt0 YT TL T I, sin2 0 cos 0, 2
and substituting this into the energy we obtain

ﬁg_’_ (Mz — M3cos0)?
213 21, sin2 0

E = 2(I1+ma? cos? 6)62+ +mgasin 0. (3)

From this equation we get 0 as a function of ¢ in the form of quadratures,
after which one can get ¢ and y as functions of ¢ from (2). The dip angle
of the disk oscillates, and the precession velocity ¢ and the velocity of
rotation around the axis of the disk i change at the same time. Equations
(2) and (3) are similar to those for the motion of a heavy symmetric top
(see, for instance, Landau and Lifshitz, 1960, § 35, problem 1, or ter Haar,
1964, p. 85).

The rolling of the disk is stable, if £3 > mgal,/I5. The rotation is
stable, if Q% > mgal/l,.

(b) If the rolling is without slipping, in addition to the force of gravity
mg and the reaction force R, there is also a friction force f acting on
the disk. It is convenient to write the equation of motion M —[a A R] =
[a A f]linits components along the Z-, xs-, and é-axes, where the &-axis
is the line of nodes’

t These equations are the Lagrangian equations of motion for the Euler angles
when there is no friction force.
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Mz = f,acos 0, Mz = f.a, 4
d oL 0oL .
ag_%==feasm0. ©)

Here a is the vector from the centre of the disk to the point of contact.
If we take the components of the equation mV = f+ R+ mg along the
&-and n-axes (the n-axis is horizontal and at right angles to the §-axis)
we have the following equations for f; and f;:

fe=mV= m(i)e—éw,,), o= mV’l = m(v, —¢ve). (6)

The condition of rolling without slipping, o+ [ A a] = 0, leads to the
equations

v; = —a(y+¢ cos 0), v, = ald. 7

Substituting (1), (6), and (7) into (4) and (5) we obtain a set of equa-
tions for the Euler angles. The disk can move along the plane without
slipping and without leaving the plane, provided

If| = um(g+2), g+Z =0,

where p is the friction coefficient.
If we put 6 = 0, we get ¢ = 9 = 0, and there exists the following rela-
tion between 0, ¢, and y:

Iyg(¢ cos 0+1p) sin 6 —I1¢? sin 0 cos 0+mgacos 0 =0  (8)
(we put from now on Ij 3 = I, ;+ma?). The centre of the disk moves
with a velocity, which has a constant absolute magnitude V = a|€2,| =
alyp+¢ cos 6], along a circle with radius R = V/|¢|.

Condition (8) can also be expressed as follows:

LRV? = |I,aV?2 cos 0+mga® R? cot 0.

In particular, if the mass of the disk is concentrated in the centre

(I, = I3 = 0) we get the elementary relation
V2 = gR|cot 0].

Gyroscopic effects which appear when I, ; differ from zero may turn
out to be important. For example when R > a, we have 3 V2= gR |cot 0|
for a uniform disk (2I; = I3 = $ma®), but 2V'2 = gR |cot 0] for a hoop
QhL = Is = ma?).

If the disk is rolling vertically we have

0= 721, ¢ =0, v = Q3 = constant. 9)
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In order to study the stability of this motion we put
0=721-,B, B<1, ¢~ ¢~3~Q3<<¢93

into equations (1) and (4) to (7), retaining only the first-order terms. We
then get

Mz=I1¢+ I,Q;f=constant, Q3= constant, I;f + I;Q2sp —mgap= 0, (10)

and hence
L, I1;
I B+ [ :;13523 mga],B = ﬁMzQa.
If
o 5 limea (11)
ST LL

small oscillations in  and ¢ occur with the angle 0 differing from7/2:

Q .
= M +Bo cos (wt+9), ¢ = MIzz;n);ga _ 5 I::ﬂo sin (wt+90),
1
where
Ll mga
2 — 3302
[ =Ll Q2 T

The direction of motion also executes small vibrations; the motion is
not about a straight line, but about a circle of radius aQ23/%w?/mgaM ;.
Therefore, if there are small deviations in the initial conditions from (9),
we may have either small oscillations near an “equilibrium” motion along
a straight line—if M, = 0, 8o # 0—or a new “equilibrium” motion—if
M; #0,80=0

If inequality (11) is not satisfied, the motion is not stable.

One can say that motion with § = constant can occur, if in the 0-, ¢-,
y-space the representative point lies on the surface determined by equa-
tions (10). It can easily be seen that, if (11) holds, the motion is stable
with respect to perturbations which remove the representative point from
the surface (10) while it is neutral with respects to perturbations shifting
the point along the surface. A similar situation holds for the stability of
the motion of the disk along a smooth plane; we must merely replace

1;,3 by I 5.

212



9.11 Answers and Solutions

Rotation of the disk around its vertical diameter is stable, if 2% >
mgall,.

(c) If there can be no rotation around a vertical axis, the following
condition must be satisfied :

Q7 =g+ cos 0 =0. (12)

In this case there is an additional, “frictional torque” N, which is
directed along the vertical, acting on the disk. Instead of (4) we then have

Mz = fiacos 6+N, M; = fza+N cos 0. (13)

The integration of the equations of motion can easily be reduced to
quadratures (in contrast to the equations under (a)).

Motion with a constant angle of inclination is possible if (12) is satisfied
as well as (8), which means that ¢ and v are completely determined by the
angle 0.

In this case

o , _ mga®sin 0
R—a|s1n0tan0|, V —Ia,Tcotzo.

Rolling of the disk in a vertical position is stable, if Q% > mga/I,.

(d) If there is a small inclination, the term 8L = —mgaX must be
added to the Lagrangian; the Y-axis lies in the plane and is horizontal,
the X-axis lies in the place at right angles to the Y-axis, pointing up-
wards, and the Z-axis is at right angles to the plane. Substituting

0=721—ﬂ, <1, ¢~.3<<Qz, ﬂ)wﬁw!)z«ij)gz

into (1) and (4) to (7), and adding the contribution from L, we get

LB+ (h— )% — ;229 —mgaP = mgaa sin 2z,
Ly +(I3+2ma?) 2z = —mgae cos 2zt,
and hence
(- 2ma® mga

p=— (2+1—£ + IQ—QE) acos 2zt, B = —2asin 2zt
Substituting (7) and 6, ¢, and y into the equations
X = vecos p—v,singp, ¥ = v;sin p+0,cos @,
and averaging over one period of rotation, we find

(Y=o, (¥ = — (1470, m8a
(X)=0, ()=~ (177 + 7ty

that is, the disk is displaced without losing height.

) dan,
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9.12. (a) The position of the sphere is determined by the coordinates of
its centre of mass, X, Y, Z, and the Euler angles 0, ¢,  which determine
the orientation of the principal axes of the sphere. Let the Z-axis be verti-
cal, and the x3-axis be directed from the centre of mass to the geometric
centre of the sphere; let x3 = b be the position of the geometric centre of
the sphere and a be its radius. The analysis of the motion of the sphere is
analogous to the analysis in the preceding problem.

If M, # M3, there is a minimum in U(0) when 0 # 0, =, and if the
energy E = U.z(00) we can have a steady rotation of the sphere with a
constant angle 6 = 6o and Z = a—b cos 0. The instantaneous point of
contact of sphere and plane has a velocity v = (b¢+ ay) sin 0, along the
direction of the line of nodes. Let us now take into account the dry
friction force f. It is directed antiparallel to v and causes a change in 0,,
when v = 0, we have

Mz = F fbsin0, Ms= F fasin 0, 6}
Hence
Mza— M3b = C = constant. 2)

If the sphere is rotating fast, M ~ M3, M, ~ M cos 0,, or, of we take
(2) into account,

M(acos0y—b) = C. 3)

It follows that the angular momentum decreases due to friction, while
the angle 0 decreases, if a cos g > b, while it increases, if @ cos 0o < b.
From (1) and (3) we see that

—fb

~ aCacos 0-b) "

The centre of mass moves slowly in the Z-direction while in the XY-
plane the effect of the variable friction force fy = — fcos @, fx =
—fsingis to produce a rotation of the centre of mass along a small circle
with an angular velocity ¢. Of course, even the smallest friction force will
eventually lead to a vanishing of the slipping so that the velocity of the
lowest point of the sphere becomes zero.

(b) Let

Rc = (X+bsin 0 sin ¢, Y —b sin 0 cos ¢, a)

be the coordinates of the geometrical centre of the sphere, and let

Q= (QX9 QY, QZ) i .
= (6 cos ¢+ sin 6 sin @, 6 sin ¢ —p sin 0 cos @, P+ cos 0)
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be the angular rotational velocity of the sphere, while @ = (0, 0, —a) is
the radius vector from the geometric centre of the sphere to the point where
the sphere is in contact with the plane. The condition that the sphere rolls
without slipping,

Rc+[R ANal =0,
is the non-holonomic constraint
X = 6(a—b cos 0) sin  —(ayp+ b¢) sin 6 cos @,

Y = —0(a—b cos 0) cos ¢ —(ap+b¢) sin 0 sin ¢. 4
The equations of motion are (compare the preceding problem)
mX = Ay, m¥ = 2y, 5
Mz = (A1 cos ¢+ A2 sin @) b sin 0, 6)
M3 = (21 cos @+ 4, sin @) a sin 0, )
% gg‘— - g—g = (—A; sin ¢+ 4, cos p)(a—b cos 0); ®)

they contain the friction forces and the torques produced by these forces
on the right-hand sides. Using (4) we can express the Lagrangian multi-
pliers A; and 4, in terms of the Euler angles. Indeed, the components
of the friction force along the line of nodes, f, and at right angles to it,
f1, are given by

Si = mbp (@a—b cos 0)—m % [(ap+ b¢) sin 6], 9
fi=-m % [6(a—b cos 0)] —m¢p(ayp+ bep) sin 0. (10)

Note that equations (6) and (7) are the same as (1), if one substitutes
into (1) the friction force f, instead of the dry friction force Ff. The
quantity Mza—M3b = C is an integral of motion, as before.

9.13. To solve this problem it is necessary to assume that that the height
of the particle above the Earth, A, is small compared with the radius R of
the Earth and that the centrifugal acceleration, 2R (£ is the angular ve-
locity of the Earth), is small compared to the acceleration of free fall, g,
towards the surface of the Earth. There are thus two small parameters
in the problem:

RO2 h
&1 = --g— ~ 001, £2—f. (1)
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The equation of motion has the following form, if we take into account
the dependence of g on the height r (up to second order in ¢5):

(R-r) 15 ,(R-rp 32

r=V=g|1-30 gt 5 e g |

. Q

—3322 (1_352 (Rth) ) +ge, [ é\g/\_ll +ge, [QA&QQH

+28v 2¢,6, i/ []2 +o(e2, &,85), #))
r0)=h; V(0)=0. (3)

We choose the z-axis along the radius of the Earth, the x-axis along the
meridian towards the Pole, and the y-axis along the latitude to the west.
The (northern) latitude is denoted by 2. We then have
g=(0,0,—-g); R=(0,0,R); & = (XcosA,O,sinl);
h = h(}¢sin22,0, 1 —}e?sin221);
[2AR] = —QRcos A0, 1, 0);

[2A[R A S82]) = £22R cos A( —sin A, 0, cos ). ()]
The equation can be solved by the method of successive approximations:
Lo, . [RAIRAR]]
r=nh+ 5 -gt + 2 e1812 ROE

12h 3 OR 2h

[QARANR]] 1 gt® (k- R) 8‘2

3
_252.vl2gt2( _g—-)+'\/2£1£2 gt’ [S2AR]

We then find for the time it takes to fall, #, and for the displacement :

1/ 2h 1 . 5 )
t-‘/g(l+§elcos2 ¢ &)

x = —Lerhsin2A(4es+e1c0s22);  y = —/2¢e1e05h cos A. (6)

The minus signs show that the displacement is towards the east and the
south.
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9.16 Answers and Solutions

9.14.

( m V (Mr—2—Qdr
_‘/ f \/E+MQ Ut f VE+ MO —Usg’

where E is the energy, M the angular momentum in the rotating system of
reference, U.g = U(r)+ M2/2mr2. We bear in mind that E = Eo—MQ,
M = M, where Eq and M are the energy and angular momentum in the
inertial system.

It is interesting to note that the centrifugal potential energy —m$2?r/2
does not enter into U,g.

9.15. In the system of reference, which is fixed in the frame, the Lagran-
gian of the problem is the same as the one considered in problem 6.23, with

2
z=0 and with the parameters wy = —2Q, 0} , = - (xl 2+f1 2) -2,

l
When @} , > 0 the motion of the particles is the same as the motion of an
anisotropic harmonic oscillator with a magnetic field H = —2mcQ/e.

The orbits of the particle for the case w; = w, were shown in Fig. 71 of
problem 2.28. In particular, if ; = ws = 0, the motion of the particle is
the same as the motion of a free particle in a magnetic field:

X = Xo+acos wyt, y = yo—a sin wgyt,

that is, the particle moves uniformly along a circle with radius a and
centre Xo, yo. It is interesting to investigate what is the motion of the
particle in the rest system which corresponds to the latter case, especially
fora = 0 or for xo = yo = 0.

If the centrifugal force is larger than the restoring forces along the
two springs, w} , < 0, but the particle still executes small oscillations.
Although the potential energy has a maximum at x = y = 0, the equili-
brium position is stable because of the Coriolis force.

If w1 and wa have opposite signs so that the point x =y =01is a
saddle point of the potential energy, the equilibrium position is unstable.

Comparing these results with those of problem 5.4 one sees that in a -
system rotating with angular velocity £ the point ro, ¢ lies on a ridge of
the potential energy U = —(a/r") —1mS2r? which has a maximum in the
direction of the radius vector but which does not change in the direction
of the azimuth. In this case one of the eigen-frequencies is w, but the other
one vanishes: the equilibrium position is neutral with respect to some
perturbations (for instance, a change in o).

9.16. We shall consider the oscillations in a frame of reference which
rotates together with the molecule. We obtain the Lagrangian from (1)
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of problem 6.37 by replacing u, by u,+ [ A {r,+u,}] while the angular
velocity £ of the system of reference is chosen to be equal to the angular
rotational velocity of the molecule when there are no oscillations, that is,

M

@ = mX,rd

Instead of equation (3) of problem (6.37) we get
Y Alrao A o]+ 2(re-us)R}) = 0, )]
a

or

y1+y2+y3+\/_91(x1+X2+X3) = 0. ?2)

Introducing g, = 3(»,+y,+,) and neglecting terms' quadratic in 2 we
can write the Lagrangian in the form
L = $m(g3+ G4+ g3+ G3) — 32q% — $x(g3+ q3) + m2A(audis — Gsdo)
+3m$Xg:44— q441), (3)
and condition (2) in the form
G1+2Qq, = 0. 4

The equations of motion lead to the following normal vibrations—
which also satisfy condition (4):

gD = Ajcos (it +91), @y = Ixjm; qP = —Z-Q Ay sin (014 @1);

g$*® = Ay 3 cOS (Wg, 3t +Py,3), Wp 3 = \/3%/2mi9
gi>Y = L Ay g sin (wy, 3¢+ @y, 5).

Moreover, the equations of motion and condition (4) are satisfied by
g, = C,q, = —28Q Ct+ D, but we must put C = D = 0 since this motion
would move the atoms far from their equilibrium positions. The six
arbitrary constants A;, @; correspond to three vibrational degrees of
freedom.

Describe the oscillations, when the initial displacements in the rotating
system are those shown in Fig. 101, while the initial velocities are zero.

t If we take these corrections into account, we should make the substitution
x> x—3mQ2, | - 11+ mQ?/2%), 0 - Q1 -mQ?/x%).
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10.5 Answers and Solutions

10. THE HAMILTONIAN EQUATIONS OF MOTION

10.1. Let € be a vector of an infinitesimal displacement; we then have
ra > r;=rat€, Po—~Ppo=pas H(a, p) = H(r, p).
Hence ; v.H = 0. Using the Hamiltonian equations we get
P= ;j),, = —; vVaH = 0, P = constant.
For an infinitesimal rotation §¢p we have
ro = ra=ro+[8¢ A1), pa ~ po = pat [8¢p A pa), H(ro, p) = H(r,, po),
) {(v.,H-[&cp pra)+ (g 80 1 pal) = 0

= HZ{_(ﬁa'[GCP A ra])+(i'a‘ [B(P A Pa])} = - (8(P°;(% ['a A Pa])y

or, M =Y [ra A pa] = constant.
_ P (po—pycost)  py
10.2. H= 211 211 sinZ 0 213 ’
10.3 H = p—2 — 2?24 ox3
e 2(1+28x) ’

In particular, for small oscillations (ax| < w?, |fx]| < 1)
= $p? —Fwx2+oxd — Bxp2+ 2022 —. . .,

and up to and including terms linear in & and § the extra term in the
Hamiltonian of the harmonic oscillator is connected with the extra term
in the Lagrangian through the equation 6H = —0L (see Landau and
Lifshitz, 1960, § 40).

10.4. x = acos (wt+¢), p= —woea sin (wt+p),
where
o = (14 2AE)w,, E,= 3wia®

@ _@on @ -
10.5. P @ Pm v p=Ilpl

The given Hamiltonian describes the propagation of light in a transparent
medium with refractive index n(r) in the geometric optics approximation
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(see Landau and Lifshitz, 1960a, § 65). The “particle” is a wave packet,
and r(f) gives the way it moves, r its group velocity, while the vector p
which is perpendicular to the wave front determines the wave vector.
When n(r) = ax, the trajectory is

X = ¢1 cosh (!-+c2),
C1

where the c; are determined by the initial and final points of the trajectory.
10.6. (a)
L = {tm(v—a)?;
(b) L = 0: such “particles” cannot be described using a Lagrangian
(compare Landau and Lifshitz, 1962, § 53).

10.7. The given vector potential determines a magnetic field H in the
z-direction.
The Hamiltonian is

24p2 1 e 2
H(X,y,z,Px,Py,Pz)=-px P +_(py_?HX) .

2m 2m

Since H does not depend on y or z, we have p, = constant and p, =
constant. If we write H in the form

PR e vy PR
H—2m+2mw(x xo)+2m,

where w = eH|[mc, x, = cp,/eH, we see that x and p, are obtained from
the same Hamiltonian as that of a harmonic oscillator. Therefore we have

x = acos (wt+p)+ Xy, px = —moa sin (0t + ).

To determine y and z we use the equations

oH 1 e
- m (p,, — Hx) = wa cos (vt + @),
i=Pr
m

whence

y = asin(0t+@)+yo, z= % t+2z,.

The particle moves along a spiral with its axis parallel to H. The general-
ised momentum p, determines the distance of that axis from the yz-plane.
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1.1 Answers and Solutions
10.8.1

—eE+ % = [oA\H).

10.9.
P = poteEt; ¢e(p)—e(E-r)= constant;
([r—ro)-eE) = e(po+eEt) —e(po).
10.10. «(p) = E, py = constant, py is the component of the momen-
tum along the magnetic field H. The trajectory in momentum space is

determined by the intersection of the two surfaces &(p) = constant and
Py = constant.

10.11. From the equation of motion,
e .
- (:. ['AH])

it is clear that the projection of the electron orbit on a plane perpendicular
to the magnetic field H is obtained from the orbit in momentum space by a
rotation over /2 around H and by changing the scale by a factor c/eH.

10.12.

—c
dE
T eH ‘DJ.I L mln |UJ.|

where v | is the component of the vector 0E/op which is orthogonal to H.

11. PoissoN BRACKETS. CANONICAL TRANSFORMATIONS

11.1.1 (a)
- ; eyrXk; —; eijkPk; —; eijxMy;

(b) (a-b); {(a-M),(b-r)} = {Z‘: aiM;, ;bjxj} = %a;bj{Mi, xj}
= _‘;aibfei]kxk=—([a/\b]-r); —([anb])-M);
(©) 0; nrr-2; 2"(,"")'

t For details about the motion of electrons in a metal (problems 10.8 to 10.12)
see, for instance, Haug 1971.

1 ey is the completely antisymmetric tensor: e;,5 = €55, = €31, = 1, €13, = €3,3 =
321 = — 1, all other components of e, vanish.
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11.2.
(i, 4) = ~Tendi  {4), 4 =0,

where i, j, and k take on the values 1, 2, and 3 (compare problem 11.1a).

11.3.
{Mi, Ay} = —ZI: eijildm —Z, ey

{Miks At} = bijMuc+ M+ 8uMixc+ 6uM 5,
where
My = prXi—pixi.

11.4. When the system as a whole is rotated around the z-axis over an
infinitesimal angle ¢, the change d¢ in any function of the coordinates and
momenta is in first order in ¢ given by

0p = p(x —€y, y+¢ex, z, px—epy, Py+ EPx, P2)—P(X, ¥, 2, Px, Py, P:)

_ op . Op Op op _
= €( ox Y+ ay apx ~—Dyt+t—=— ap px) = G{M,, ‘P}

If ¢ is a scalar, this change under rotation must vanish, and thus {p, M}
= 0. If ¢ = f, is the component of a vector function, its change under
rotation is 0f, = —e¢f,, and thus

{Ml’fx}__'_f:v’ or, {Mnf}: [k/\f]

(compare problems 3 and 4 of § 42 of Landau and Lifshitz, 1960).
What is the value of the Poisson bracket {M,, T,,}, where T, is a
component of a tensor function?
11.5.
{f, (@a-M)}=[fa];
{(f-M), (I-M)} = (IfN1]-M)+ _ZkMsz{f:, he}.

11.6. Substituting into the second formula of the preceding problem
f = e;and I = e: where e; and e; are unit vectors along the {- and £-axes
of the moving system of reference, we have

{M;, M:} = M,,. 4))

This equation differs in the sign of the right-hand side from the analogous
relation for the components of the angular momentum along the axes of
the fixed system of coordinates,

{M,, M,} = —M,. )
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118 Answers and Solutions

As was shown in problem 11.4 (see also ter Haar, 1964,§ 5.3, and Gold-
stein, 1950, § 8.7) the Poisson bracket (2) characterises the change in the
component M, when the coordinate system is rotated as a whole over an
infinitesimal angle ¢ (see Fig. 115a):

OM, = e{M,, M} = —eM,.
The Poisson bracket (1), which is equal to
{(eC 'M), (M'ef)} = ({Mf, e5}°M)’

characterises the change in the component of the fixed vector M along the
axis e: when the moving coordinate system is rotated over an infinitesimal
angle around the {-axis (see Fig. 115b; in the figure the &, 7, {-axes are the
same as the x, y, z-axes before the rotation).

~<i

M
|
! ™M
! |
€
|
-
— X
M, =—eM,
(a) (b)
FiG. 115
11.7.

Ma = Z eapylgalMpMa.
Avd

In particular, if we choose the moving system of coordinates such that the
inertial tensor I, is diagonal, we obtain the Euler equations (see ter Haar,
1964, § 4.2, using the relation M, = I,2,).

11.8.

M = —y[HA\M],
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Collection of Problems in Classical Mechanics 11.8

that is, the vector M processes around the direction of H with an angular
velocity —yH (compare the Larmor theorem; see § 45 of Landau and
Lifshitz, 1962).

11.9.
e
{vi, v;} = e ; eijiHy.
11.10. (a) p(t) = p+Ft,
2 F o
r(¢)=r+ p” t+ om t2;
(b) p(t) = p cos wt —mawq sin wt,

— P
q(t) = g cos wt+ L wt.

Of course, these quantities can more simply be evaluated without using
Poisson brackets. However, this method can easily be taken over in quan-
tum mechanics (see, for instance, problem 3.20 in ter Haar, 1964a).

11.12. We can for the proof use, for instance, a generating function of
the form @(q, P) (see Landau and Lifshitz, 1960, § 45, or ter Haar, 1964,
§ 5.2):

gy o= 208 _ o) aunw/aw,m
*8Ir e = B(p, q) ~ (P, Q) o(P,q)| B(P,q)

-5 (), [3)....

_ fg) o / 0P
~ 9o(P,Q) ©°q0P | d9Poq

_ 358 — (g
=3P 0) {f.8)r. 0

11.13. (a)
g= ‘/_m%o}_();)_ sinQ, p= \/me(t)P cos Q,

@

%0 sin2Q, P=-P = ©OS 20.

O0=o+

In this case P and Q are action and angle variables. These variables are
more convenient than p and ¢ for solving the problem by the method of
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11.17 Answers and Solutions

successive approximations, if the frequency «w(#) changes slowly, ®/w? < 1
(see problem 13.9).

(b)

_F@) /2P Ny
9= + p sinQ, p=12mowPcosQ,
0=0+F)/ M cos0, F=Fy/2moPsing

11.14.

Y(P,Q) = —Q[1+ln f;].

11.15. The function &(q,, g2, - - ., 4, P, . .., P;) determines a canoni-
cal transformation, provided

02d
11.16. Let
Q =gqgcosa—psina,
and P = gsina+pcosa.

Then we have
{P, Q)p, s = —{4, P}s, g sin®a+{p, g}, g cOs%x = 1.

For a system with one degree of freedom this is sufficient for the transfor-
mation to be canonical.

11.17. One sees easily (and subsequent calculations verify) that the
canonical transformation must be close to the identity transformation,
and that the terms ax?P and bP? in the generating function are small.
To solve the equations

p = P+2axP, Q = x+ax®*+3bP?

which determine the canonical transformation, for x and p, we replace x
by Q and p by P in the small terms:

p = P+2aQP, x = Q—aQ?-3bP2
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We proceed in a similar fashion when we express the Hamiltonian in
terms of the new variables:

H'(Q, P) = 1P+ 30°0%+ Q3+ BOP?+2aQ P? —aQ3 —3bQ P2
+ terms of fourth degree in P and Q.
Putting « —a = 0, $+2a—3b = 0, the third-order terms are made to
vanish. In the approximation indicated in the problem we have thus

Q = A4 cos ot, P = —wA sin ot, and from (1) (compare Landau and
Lifshitz, 1960, § 28)

x = A coswt —aA? cos? ot —(f+2a) w? A% sin? wr.

11.18. Reducing the Hamiltonian to the form considered in problem
10.4 we get (compare Landau and Lifshitz, 1960, § 28)

x=0- R0 Lor,

wl

where Q = Acoswt, P = —wod sinwt, o = wo+§3—£— A2
0

11.19. H'(P, Q) = H(P, Q); when X = A sin(wt+¢), ¥ = 0 the oscilla-
tor performs a motion along an ellipse:

x = Acos Asin(wr+p), y = Asin A cos (wt+p).

11.20. In order to make the notation less cumbersome it is convenient
to put for the time beingm = @ = e = ¢ = 1. One can easily reintroduce
these factors in the final expressions. The transformation of problem 11.19
is a rotation in the x, p,- and y, p,-planes, which therefore leaves the form
of that part of the Hamiltonian which is equal to +(x2+ )2+ p2+p?
invariant. On the other hand, the correction due to the terms 3 H2x2 — Hxp,
is equal to

1 H(X? cos? A+ P% sin2A+2XPy sin A cos 4)+ H(X2—P%) sin A cos 4
— H(cos? A —sin2 1) XPy.

The off-diagonal term XPy vanishes, if we put
sin? A—cos? A+ Hsin Acos A = 0, thatis, cot2i= 3H.

After a few simple transformations the Hamiltonian is reduced to the
form

H = %(P,%&P% cot? 1)+ 1mw*(X? tan? 1+ Y?2). )
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The variables X and Y thus perform harmonic oscillations with fre-
quencies which are, respectively, equal to

271
0 = otan A = [w2+(ﬁ) ]2—£,

2mce 2mc
we=0wcot 4 = |w?+ eH \* ?+f—f£
2mc 2mc

(compare Landau and Lifshitz, 1962, § 21). Each of the coordinates X and
Y corresponds to a motion along an ellipse; an arbitrary oscillation is a
superposition of two such motions (compare problems 6.23, 11.19).

It is interesting to note that when H — 0, it turns out that A = =/4
(and not 4 = 0). This means, that even for very weak fields H the “nor-
mal” oscillations turn out to be “circularly polarised”. On the other hand,
oscillations corresponding to the coordinates X or Y with A = 0 which if
there were no field H would be linearly polarised, slowly change their
direction of polarisation, as soon as there is a field H present.

If the magnetic field is variable, we must add to the Hamiltonian (1)
the partial derivative with respect to the time of the generating function

PxPy X Px+ yPy

cos A

® = —mwxycot A— tan 1+

(expressing it in terms of X, Y, Py, and Py; see also the footnote to prob-
lem 13.25).

11.21. Putting into the canonical transformation of the preceding prob-
lem

_ 20)1.1(02
W = we, tan 22 = 2m 5
we get
1 Q2
H = > (Px+ 2P; +pz) + Em(BX2+ 0fY2 4 wiz?),

where 2,, » was defined in problem 6.23.

11.22. The transformation (A = x/4)

X+PYx Y-I-sz)

1 1
gs1 = ‘\/E( s wa‘y)s gs2 = \/5( s wa‘
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leaves the form of the Hamiltonian

R
P2 +ps
H =2—Nm + 2 [ N %wai(q?ﬁq?z)]
— 2 S PXs+PYs 2( Y2 2
=Ry Zl[ ¥ | Nmod(X +Y)]

invariant (compare problem 11.19). The oscillation corresponding to
X, = A cos (w,t+p) is

L_ sin (st + nps+ B),

V2

and the one corresponding to Y, = B cos(w,t+pf) is

Xy =

B .
X = —=sin (—wst+np, —p).

11.23. The new Hamiltonian is H’ = wP;, and in the new variables the
equations of motion have the form
P1=P.2=Q'2=0, Q1=w
What is the change in the Hamiltonian H’, if H depends on the time?

11.24. The transformation is p = aP, r = Q/a, which is a similarity
transformation.

11.25. The gauge transformation

, 1 o
=A+vf(r,1), @ =(p_?'€{

can be written as a canonical transformation,

_e?of
c o’

e
r=r, P =P—»c~ vf(r,t), H =
if one uses the generating function

O, P) = (r-P) == 1(r, 1)

11.26.
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11.27.

(b) F{(g,0Q) = F g+ +5— (q oy

© F(q,0) = 2 sinwr 1242 ~(@+0% cos 1]
11.28. (a)

Q=r+ba, P=p:
a shift of the system as a whole over 8a (or a shift of the coordinate system
over — da).
(b) Up to and including first-order terms, we have

Q =r+[dpAr], P=p+[8oAp]
The transformation is a rotation of the coordinate system over an angle
— 8.
©
(1) = q(t+87),  P(t) = p(t+d),
H'(P,Q,t) = H(p, q, t+ 87).
The transformation is a shift in the time by 4t (compare Landau and
Lifshitz, 1960, § 45).
@ Q=r+2pdba, P=p—2rda.
The transformation is a rotation over an angle 26« in each of the x;p;-
planes (i = 1, 2, 3) in phase space.
11.30. (a)
¢(’9 P) = (r°P)+("'P)6a+(u' [’/\P])a(Ps

where da is the displacement along the direction of a while ép = 2nda/h
is the angle of rotation around a; h is the pitch of the screw;

(b) D(r,P)y=(r-P)+(V-P)t—m(r-V);
©) O(r, P) = (r-P)— t(R- [r \P)).
11.31.

(g, p) = MW, [}, q-
Indeed, substituting the values of the new variables,

ow

ow

oq
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into f(Q, P) and expanding the expression obtained in powers of 1 we get
up to and including first-order terms

_, 3 W(gp) , 3 W (qp)

11.32. Putting
D = (r-P)+Ar-P)

in the preceding problem, we get a similarity transformation with &« =
1+ A (see problem 11.24). The given Hamiltonian is such that H'(P, Q) =
«?H(P, @) and therefore A{H, (r-p)} = H'—H = 2AH(A — 0). On the
other hand,

d
{H) ('“p)} - ‘7; ("p)9
and hence
(p-r)—2E = constant
(compare problem 4.13(b)).

11.34. Let 4,9 and §,p be the changes in the coordinates and momenta
connected with the transformation defined by @,.t Then we have

f(g+d19, p+61p) = f(q, )+ 2:{W (4, ), (@, P)}p.a+ A391(q, P). (1)

We now apply to each of the terms on the right-hand side of (1) another
transformation, defined by the function @:

f(q+8219, p+821p) = [+ AW o, f}+ 2{W 1, /}
+1112{W2, {Wlaf}}+)-%q’l+1§?72- ¥)]

The transformation of Adp,(g, p) gives a correction of higher than second
order. If we apply these transformation in the reversed order, the result is:

S(@+8129, p+812p) = [+ AWy, [}+ AW s, 1}
+ 4122 {W 1, {W 2, }} + X1+ M. 3

The difference between (2) and (3) lies only in the second-order terms
which are proportional to A;4,. Subtracting (3) from (2) we get

MAo[{W o, (W, Y} —{W 1, (W2, f}}] = Mde {/, (W1, W2}}.

t Let us as an example indicate the change in the momentum up to second-order
terms:
oWi(q, P) oWy, p) 0*W.\(q, p) OW\(4q, p)
) = pP- =—A i) =—1 +A! .
V4 P 1 a q 1 a q 1 a p aq a q
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11.36 Answers and Solutions

Therefore, we see that, in particular, shifts AW = (8a-P) (see problem
11.28(a)) commute, while this is not the case for rotations around different
axes, AW = (8¢p-[gAP]).

Is the statement, which is the inverse of the one in the problem, correct?

11.35. (a) A canonical transformation with a variable parameter A can
be considered to be a “motion” where A4 plays the role of the time and
W(q, p) the role of the Hamiltonian (compare problem 11.28c). The
equations of “motion™ are

do _dW(Q,P) dP_ _dW(Q,P)

dA~ oP ' di— o0
One can also easily obtain these equations formally from the result of
problem 11.31.

(b) The infinitesimal change in the coordinates and momenta under
the given canonical transformation has the form

b — :7 W, r) = %15 M{(M-n),r} = [nArlbg,
8p = [nApldyp, O

where

M= [rAp]l = Mn, 6<p=—2—%M.

The transformation (1) is a rotation of the coordinate system over an
angle d¢ around the direction of M, that is, in the plane of the vectors r
and p. The vector M does not change under the transformation. If we take
the z-axis along M, we get finally

x(@) = Xocosp—ygsing, y(p) = yosinp+xocosp, z(p) = 2o,
and similar equations for the components of the momentum.
(©) 9(9) = go¢*, p(9) = poe™.

11.36. (a) The volume specified in momentum space and in phase
space does not change with time, but in coordinate space the volume is
spread out. Thus, if at £ = 0 the state of the system is represented by the
rectangle ABCD (Fig. 116) it goes over to the parallelogram A’B'C’'D’
(AD = A’D’) after a time ¢, and the distance in the x-direction between
the points A’ and C’ is equal to Ax = Axo+ Apet/m. As time goes on this
parallelogram degenerates into a narrow, very long strip.
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p
po+Ap0 | B cC__ ____ B C
|
|
pob A p__ A b |
| | | !
| | | |
| | I |
Xo  Xg+Axg xg+pot/m x°+Axo+D°‘:p°t x
FiG. 116

(b) If there is a wall at the point x = L, the state of the system can no
longer be represented by the parallelogram A’B'C'D’, but must have
the form shown in Fig. 117a. When time marches on the initial phase
volume ABCD changes into a number of very narrow parallel strips
which are almost uniformly distributed inside two rectangles 0 = x = L,
po=p=pot+dpoand 0 = x = L, —po—Ape = p = —po (Fig. 117b).

(c) The phase orbit of an oscillator with energy E and frequency o is
the ellipse (x2/a®)+(p%/b?) = 1 with semi-axes @ = 4/(2E/mw?), b =
A/(2E/m). All points of the specified phase volume move along such
ellipsis and return to their initial state after a period T = 2m/w. The
dimensions of the specified “volume” in coordinate space, 4x, and in
momentum space, 4Ap, oscillate with frequency 2w. In contrast to the case
sub (b) there is no spreading out of the specified phase volume into the
whole of the available phase space.

p
Po+ Ap, | 8 £ e 2 ‘/'(’: PorAP L e e
7
ﬂ
ool JA__ID_ A oy ) e—— |
! |
T X T x
| |
|
e : | SECEEE —
! ]
ya —
- po'Apo —————————— _DO-ADO ———————————— J
(a) (b)
FiG. 117
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(d) For an oscillator with friction (friction force Fy = —2mAx) we
have
x = ae~* cos(wt+¢), p = mx = —mae~*[w sin (wt+ @)+ A cos(wt + ¢)],
and the oscillations are damped so that the phase orbit is a spiral,
x2 (p+mix} .,
@7 mder ¢
The specified phase volume decreases until it vanishes. The non-conserva-
tion of phase volume is here connected with the fact that the system is not
canonical: to describe it fully we need know not only the Lagrangian
L = Im(x*—w}x?) but also the dissipative function F = Jmix?® (see
Landau and Lifshitz, 1960, § 25).
If we choose for this system a “Lagrangian” in the form

L' = $me?M(x2 —wZx?)

(compare problem 4.17), the phase volume specified will be conserved
for the appropriate canonical variables x and p’ = ©L’/8%; however, in
that case the generalised momentum p’ = mxe? will not have a simple
physical meaning, as before.

(e) Since the period of the motion in this case depends on the energy,
the phase space volume is spread out with time, “filling” the whole of the
available region of phase space (compare sub (b)).

Let the initial specified region be xo < x < xo+4x, po < p < po+4p.
One can easily estimate the time which is such that during that period the
fastest particles have made one more oscillation than the slowest ones:

T2 dU(XQ)

T~ T ax |2

dar Ppodp

(f) Let there be N particles such that the points in phase space
which represent their state are at time ¢ = 0 distributed with a density
Nw(xo, po, 0) and that they move about according to the equations

X =f(x09p09 t)s P = (p(xos Po, t)' (1)
Here

f(xos Po, t) = Xo+ fn_o L, ‘P(xos Po, t) = Po,

for free motion and

Do

f(xo0, po, t) = Xo cOs it + . sin wt, p(xo, Po, t) = —mMwXesinwt+ po cos wt,
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for harmonic oscillators. The number of particles in the specified region
of phase space, all points of which move according to the same law,
remains constant; in particular, for an infinitesimal phase volume dx dp
we have

Nw(x, p, t) dx dp = Nw(xo, po, 0) dxo dpo.

According to the Liouville theorem (see, for instance, ter Haar 1966,
§ 5.1) o(x, p)/o(xo, po) = 1, and therefore

w(x, p, t) = w(xo, po, 0). 2)
Using (1) to get expressions for xo and po,

xo = fx, —p, —t), Po = @(x, —p, —1),
and substituting this into (2), we get
w(x, p, t) = w(f(x, —p, —1), p(x, —p, —1),0),

or
e~ *(x—X)t—B(x—XXp—P)~¥(p—P)

P 1) = 5
WX, Py - hApoAXo

where X = f(Xo, Po, t), P = ®(Xo, Po, t) while the coeflicients «, 3, y are
for free particles
1 —t 1 2

*= 24x3° b= mAxe dpy” 24p? +2m2Ax§’

and for oscillators
"= cos? wt + m2w? sin? wt 8 = sin o cos of mow 1
T 24x2 24p2 - (Ap% mwaﬁ)’

_ cos? ot + sin? wt
24p; ' 2mPePAxE

We show in Figs. 118 and 119 how the regions in phase space in which
w(x,p,t) = % (for free particles and for harmonic oscillators, respectively)
move about. These regions are ellipses which are deformed as time
marches on.! Their centres are displaced according to the same law (1) as
the particles. In the case of free particles this ellipse is spread out with-
out limit, but in the case of the oscillators, it only pulsates. We note

t If the scales along the p- and x-axes in the phase space of the harmonic oscillators
are chosen such that mew = 1, the phase orbits are circles, and the specified region in
phase space rotates around the origin without being deformed,
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Fi1G. 118 Fic. 119

that the distributions in coordinate and in momentum space are no
longer independent (w(x, p, t) cannot be split into two factors of the
form wi(x, t)wa(p, t)).

It is interesting to consider the coordinate distribution function (inde-
pendent of the values of the momenta)

Wex, 1) = f " wix, p, 1)dp,

—oo

or the momentum distribution function

#(p, 1) = j " wx, p, 1)dx.

These distributions turn out to be Gaussian with maxima at X and P,
respectively,

e—(P—PW/A4p)

WX, 1) = e e NI, i, 1) =

vV 2 Ax

where for the free motion
(@22 = (xgr+ L 12 (dpy = (Apor,

and for the oscillators

(4po)® .
(Ax)? = (Axo)* cos® wt+ > 5 = sin® o,
(4p)? = (Apo)? cos? wt+ m?*wH Ax,)? sin? wt.
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12. THE HAMILTON-JACOBI EQUATION

12.2. 1t is clear that the trajectory is a curve in a plane. If we use polar
coordinates we can separate the variables in the Hamilton-Jacobi equa-
tion, provided we take the polar axis Oz along a. The complete integral
of the Hamilton-Jacobi equation is

S=—Eut [ vF—tmacosddo + [ v/amE—prtar )

To fix the signs in (1) we use the relations
p,=mf=%—f=i\/27‘s—?r‘-‘2, @)
po=mr) = 2—3 = +1/f—2ma cos . ©)

On the initial section of the trajectory' 7 < 0, 6 > 0. We must thus take
the upper sign in front of the first radical in (1) and the lower sign in front
of the second radical. The equation ©S/08 = B is the equation of the
trajectory:

o do r dr
= ——— = B; 4
J; v/B—2macos b J;. r2\/2mE —fr-2 @

one can choose the lower limits of the integrals arbitrarily as long as the
constant B is not determined. From our choice of lower limits and the con-
dition that 60 as r— oo, it follows that B = 0.
The constant § is an integral of motion of our problem and from (3)
we have
B = p3+2macosb.

M
L
/ K
/
\\\\ Omax /\em
R A
0 3

FiG. 120

t We assume that the trajectory lies above the z-axis (see Fig. 120).
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It can be expressed in terms of the particle parameters when r— <« and
60, that is, before the collision, when ps = mwp (g is the impact para-
meter):

B = 2m(Eg*+a), E=+imv2

When r changes from <« to

T ‘/ 2, @
"m=Vome~ V9T E"’
which is determined by the condition p, = 0, § changes from 0 to a value
0,, which is such that

Om do T dr
—_— 4| ——————=0. (5)
o VB—2macos6 J. r2\/2mE—pr-2

A further increase in 6 is accompanied by an increase in r; p, then changes
sign. The equation for the part LM of the orbit is

J“’ do _ J‘ r dr
6, V/B—2macosb J, r2*/2mE—pr-2

it is more convenient to use (5) and (6) and write it in the form

=0; (6)

J‘ 6 do _ J‘ oo dr _ J" dr -0
o VB—2macos0 J, r*n/amE—pBr=® ), r*n/2mE—pr®
0
As r— - the trajectory asymptotically approaches a straight line paral-
lel to ON. The angle 6,,,, can be found from the equation'
fmee —df 9 J‘ it dr _.=m
o VB—2macosb rm PV2ZME—Br=t  A/f
The equation 8S/0F = A determines r as function of ¢. If we choose 4
such that r(0) = r,,, we get

r=1/v24r? = ‘/Q2+%+0212. )

The integrals over r in (4) and (7) can be evaluated elementarily, but those
over 0 reduce to elliptical integrals.

®

t We draw attention to the following method to avoid the calculation of the integral
over r in (8). This integral is independent of a and must therefore equal the left-hand
side of (8) also when a = 0. But in that case, clearly, 0., = &, and the integral over 0 is
trivial.
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If Ep? > a, we can expand the integrand in (4) and (7) in powers of
2ma/B = a/Ep?. Up to and including first-order terms we get
arcsin (rp/r), 0<0<0p,

m—arcsin (Fm/r), Om <0 < Omax,

(10

ma
0+—sinf =
B
or, with the same accuracy,
. a
rsin0 =r, (l—ﬁ?cos 0) an

(see Fig. 121). In this approximation, the angle over which the velocity of
the particle is deflected after the scattering is equal to zero. This can be
explained by the fact that the action of the force along different sections of
the orbit (which to first approximation is the straight line K’ M’) partially
(and in first approximation completely) is self-cancelling.

M

FiG. 121

12.3. (a) To determine the angle over which the particle is deflected we
must expand in equation (8) of the preceding problem in powers of a/Ep?
up to second order. We get the equation

2
Omant % Sin Opant ('"—a) (Oma, + L sin 20,,,,,) —n (1)

B 4\ 8 2
Solving this equation up to order (mma/8)?, we find the angle of deflection’
3 /ma)\? a \?2
A= —Omax = 47 (T) = 3a (W) . @

t We look for Oy, in the form Opa. = 0,40, +0,+ ..., where 6, ~ (ma/B)0,. In
zeroth approximation we get from equation (1) 6, = =; in first approximation

o.+i';'; sin 6, = 0,
whence 6, = 0; in second approximation

ma 3 (ma\? 1 .
0:+T 01 Ccos 00+—4T (—ﬂ—‘) (0°+? sin 200) = 0,
whence follows (2).
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The scattering cross-section is
v/ 3na d*w

do =m|dp?| = 5
16Ex?

The dependence on y which we have obtained is the same as for small-
angle scattering in the potential «/r, which decreases much faster than
U(r).

One obtains easily the result that when v, is parallel to Oz the small-
angle scattering cross-section is the same as (3).

In problem 3.12(b) we considered the scattering cross-section for par-
ticles for which p_ made an angle « with the dipole axis. For small « we
can apply for some scattering angles y (which ones ?) equation (3), but for

others we must use the equation from problem 3.12b.
ab d?w

(c) When Ep?>|b(0)| for all 6 we have instead of equation (10) of
problem 12.2

m 6
0+7 J; b(0) do+ -i' ?2*‘ f b2(0) do

_ [arcsin (ru/r), 0<0<0,,
" \r—arcsin (/r),  Om < 0 < Opnax,

up to and including second-order terms.
It j " b(0) db = n(b) 0,
0

we can limit ourselves to the first approximation for which
m
X = T —Omax = Fﬂ<b>,

and the small-angle scattering cross-section, do = n(b)d*w/4Ey?, is the
same as in the central-field potential U = (b)/r2.
If, however, (b) =0, we must take the second-order terms into account
and we get
3 m:b?)
2 =2
1= 2 3 f b2(6) do = 77 g
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\/37: ‘/é <B‘2> d?w,
8Ey?
is the same as the scattering-cross-section in the central-field potential
U = o/r* with « = (b*)/2E.

Why can we neglect the possible contribution from small impact para-
meters?

12.4. (a) We can separate the variables in the Hamilton-Jacobi equa-
tion, if we choose spherical polars with the z-axis parallel to a. The
canonical momenta are

pr = mi = —\/2mE—fr-2,

po = mr20 = +1/B—2ma cos 6 —(pZ[sin? b), M
Py = mri¢p sin? 6 = constant.

One finds the constant

and the cross-section,

B = p}+ SIin +2ma cos 0

easily by noting that

2 p: 2
Potpzg = M%

where M is the total angular momentum of the particle; it is convenient
to evaluate it for r < and 0 —~n—a (« is the angle between v.. and a), that
is, before the collision.

According to (1) the particle can fall into the centre when 8 < 0, or

0? < % cos a. )
This is thus possible if « < 7/2, and in that case the cross-section is

o =22 cos
= —Cos .
E

Averaging over all possible values of a gives
na
4E-

It is interesting that the area defined by (2) is a circle with centre on the
axis of the particle beam, although the potential is not symmetric with
respect to that axis.

(o) = — in f 2 2m cos a sina do =
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A2 A2

Cos & 0 <o <ea, = arccos ——-= ;
m 4aE ’

7
b) o= E " 4E?°
0, y Om <o <7,
<0->_____+ _ﬂ__,n_lz_-
4E ' 64aE®* 8EZ2’°

24/yE

ma ]/y o E
© o= -—E—cosa+2n 5’ O<a<a,=no arocos—a ;

0 y Oy <O <7}
_ na vy 3y
<o'> E +—-
() o= —w , provided b(z—a) < 0.

12.5.

na
nR2 +—ET cosa, acosa >—ER?;
o =

0 , acosa <—ER?
where « is the angle between v.. and a.

12.6. (a) We use the same notation as in problem 12.2. The equation for
the first part of the orbit (r— «, 0 —+) is

f"_—do___ _ f”_ dr
o \V/f—2macosb A ’ZVW’
B = 2m(Eg*—a). @)

When § > 0, the angle 0 decreases when r changes from « to r,, and
then again increases to <.! The equation for the part of the orbit after

¢y
with

t The fact that there is no “stopping point” for @ is due to the inequality

f 4
5 VI-Zcost ’
{0, 0<i<,

where

6 = 1
arccos —-, A=>1
A
(this inequality can easily be checked when A < 1 and can be checked in a rather com-
plicated way when 4 > 1).
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r has passed through the minimum distance from the centre is

| R A
o \/B—2macos0 24/ 8 r P2\ 2mE—Br=2’
It is clear that when Ep? > a the orbit equations (1) and (3) are the same
as equation (11) in problem 12.2.

When 8 < 0 the particle can fall into the centre (we note that it follows

from (2) that only values § = —2ma are admissible). In that case r de-
creases monotonically from < to 0. The angle 6 decreases from 7 to the

Fic. 122

value 6 for which Dy vanishes (the section AB of the orbit, see Fig. 122).
We have then §—2ma cos 0 = 0. After that the angle increases until it
reaches the value 2z — 0 (the section BC of the orbit):

J‘“’ dr _J"' o +J‘”_i -
r r2\/2mE—fr=2 5 VB—2macos0 J; \/‘B—2macos()'
@

In the point C, py again changes sign and 0 decreases until it reaches the
value 0 in the point D, it then increases again, and so on.
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The equation of the complete orbit can be written in the form

it dr n d
T e Y
J: r2z/2mE—fr—2 =D .[; /B —2macos 6

+2nf"——;‘10—:, n=0,1,2,.... (5
7 \/B—2ma cos 0

A single value of 6 (§ < 8 < 2n—0) corresponds to an infinite number of
values of r (n can take on any non-negative integral value since the inte-
gral on the left-hand side of (5) increases without bound as r—0). The par-
ticle performs thus infinitely many oscillations between the lines BD and
CE before it falls into the centre.

In the case of small impact parameters, Eg? < a, it turns out that
n—6 < 1 so that we can write in (5) cos 8 ~ —1+-23(n—6)% The final

result is (arsinh x = In (x+v/1+x2))

0 =n—p ‘/E sin [V: arsinh ( : V%)] ()

The orbit 7(¢) is determined in the same way as in problem 12.2, when
B = 0 which justifies the relation (9) from problem 12.2. If < 0, we have

r(t) = v/ 12—, —-oo<t<t-—'5|g|—, ™

and the particle falls into the centre at time .
(b) If 8 = 0 (Eo® > a), we have

r
arcsin -~

db _ r’
V1+@malp)(1+sinb)

0n <0 <a,

7 —arcsin rT,,, , Omin <0 <0,.
If B < 0 (Ep? < a), we have

{J: j:J:+2IJ:'} \/ﬂ+2m‘jzzl +sin 0) - J:N WZ:%W

(see Fig. 123a), where / is the number of complete oscillations in angle
(from 0, to 0, and back again) performed by the particle, and the +sign
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(a) (b)
FiG. 123

(—sign) corresponds to counterclockwise (clockwise) motion, and

2 2
0, = ——arcsin—E—Q— , 0= n+arcsinE—e.
a a
If § = 0 (E¢? = a), we have
po @ panGatin-0) =,
V2 tan 5 7 ’

The particle moves along the orbit of Fig. 123b, and we have r =
—4/2E[m t (t < 0; the particle falls into the centre at # = 0).

12.7. The complete integral of the Hamilton-Jacobi equation is (see
Landau and Lifshitz, 1960, § 48)

1

1
, -1 L
S = —Et+ppt j[ﬂ—Zmacos()— Pe ]2W—I[2mE—£-]2dr.

sin 0 r2

The generalised momenta are the same as in problem 12.4a. The particle
can fall into the centre, if 8 = 2m(Ep*—a cos &) < 0 (which is clearly
satisfied if 2 < 2Ep?/a < 1). In that case r decreases monotonically from
oo to 0 (compare equation (7) of the preceding problem), and the angle ¢
increases monotonically from O to <. On the initial section of the orbit
the angle 0 decreases from a value 6, = m—a to a value 6; where p,
vanishes (if 2 < 2Eg?/a < 1, it turns out that 6, =z —+/(2Ep/a)) after
which it again increases to the value 02, and so on.
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The equations for the orbit,

Pd0
=t £ , 1
v J‘ sin? 6 4/B —2 ma cos 6 —(p2/sinZ ) o
i8] d6
r=JFro sinhf VI8l - , 1y = "B-I—, 2)
v/ B —2ma cos 0 —(p2/sin* 0) 2mE

can in general not be integrated to produce elementary functions. How-
ever, one can easily describe the motion qualitatively if one notes that
equation (1) which gives a relation between the angles 6 and ¢ is, apart
from the notation, the same as the equation for the motion of a spherical
pendulum (see problem 1 of § 14 of Landau and Lifshitz, 1960). The par-
ticle thus moves in such a way that the point where its radius vector inter-
sects the surface of a sphere of radius / describes the same curve as does a
spherical pendulum of length /, energy 8/2mi?, and angular momentum
P, in the field of gravity g = —a/ml3. This curve is enclosed between two
“parallel” circles on the sphere corresponding to 0 = 6, and 0 = 0,.

If x? < 2Ep?/a < 1, one can easily integrate equations (1) and (2):

0 = n—/ (e — La?) cos [24/(ma/| B]) arsinh (ro/r)] + £ + La2,
204/¢

V2 +a?+ (26— a2)cos 2p
It is clear from (3) that a particle when falling into the centre moves in the
region between two conical surfaces 0, = 0 = 0, rotating around the
z-axis, while one complete rotation around the z-axis corresponds to two
complete oscillations in the angle 6. In this approximation the orbit is
closed for a spherical pendulum (it is an ellipse).

12.8. (a) If the particle does not fall into the centre, the equation for a
finite orbit is

0 =m—

e = Ep?/a. A3)

2 = 1+ecos [10)) (1)
where .
_B8 ., _ 2EB (4
p=.->€ ‘/1+ma2,f(0) J‘/m
B

while the constants E and f satisfy the inequalities £ < 0 and § > 0.
If0 < 8 < 2ma, the orbit fills the region ABCDEEF (Fig. 124),

lete’ 01=0=0, 6= arcsinir%, 0> = 21— 0,

that is, it approaches any point in this arbitrarily closely.

r=r=ry rye=
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Fi1G. 124 F1G. 125

If 3 = 2ma,
f(6) = /2 Intan 10 +¢y, )
and the orbit lies inside the ring r; = r = rp (Fig. 125). )

If 8 = 2ma, the orbit fills thering r; = r = r,. In particular, if § > 2ma,
we have

Sf(6) = 0+ sin 0+3220+$L2 sin 204 ¢, 3)

where { = ma/B. This is a slightly deformed ellipse, the nature of the
deformation being determined by its orientation. Equation (3) can also
be applied when 6 2 {~2. It s interesting to make a comparison with the
results of problem 2.21.

12.9. If the motion lies inside the ring ry = r = r,, when
2n do
—_ =27
Av/1—(2ma/B) cos 6 1’
and if the motion lies in the region r; = r = ry, 0, = 0 = 05, when

b2 do n

b V1—@malp)cos® 1

(n and / are integers).

12.10. One can separate variables in the Hamilton-Jacobi equation,
if we take the z-axis along the vector a (see equation (48.9) of Landau and
Lifshitz, 1960). The radial motion,

-V e
¥V 2 ) AJE<(@In—(82mr®)’
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is, when 8 = 0, the same as the motion of a particle in a Coulomb poten-
tial —a/r with angular momentum § and energy E. When 8 < O the
particle can fall into the centre. The equations of the orbit are 8S/dp, =
constant, 8S/0f = constant. The first of these,

_ij“ b
’ sin2 0 4/B—2ma cos 6 —(pZ/sin 0)

is the same as the equation for the orbit of a spherical pendulum with
energy f/2ml? and angular momentum M, = p,_ in the field of gravity
g = —a/ml® (see problem 1 of § 14 in Landau and Lifshitz, 1960). The
second equation connects r and 6. One can also use the analogy with a
spherical pendulum for the analysis of that equation.
12.11.
@) | M| </ LImb;
(b) A finite orbit is possible for any value of M,.

12.12. (b) The complete integral of the Hamilton—Jacobi equation is
(see Landau and Lifshitz, 1960, § 48, problem 1)

S = —Et+pep+ [ pe(&) d+ [ po(n) dn,

=14/ mE-U®), p,=++/ImlE-Um)],

Uiy = Po _metB 1 g

2mJL‘2 T mE 2
_mx—f 1
2m17 mn ta Fn.

where

Ui(n) =

The motion is determined by the equations

as as as
5= 5 C; =

O E?

that is,
& [ A _
Epe(S) npq(n) ’
— ——dn ==
?=2 ”"’f Bpe() 37 fnzpq(n) G
_ _‘ d l dn _
A" e T )
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When studying the character of the motion we must determine the region
admissible for the values of & and 7 for given values of E, p,, and 8. Figure
126 gives the shape of the effective potential energies U:(£) and U,(»). If
F = 0,and when —ma < 8 < ma (see curves a)and E < 0, the motion in
both & and 7 is finite, but for E > 0 it is infinite. When a small force

Uy Ug

Emax [

(a) (b)
Fi1G. 126

FiG. 127

F = 0 appears, the curve Ug(£) shows a maximum (see curve b); when
U, min < E < U max, the motion s finite, as before. The motion is restricted
to the region &; < & < &3, m1 < 1 < m2 (see Fig. 127) in the gz-plane,
while the pz-plane itself rotates around the z-axis with an angular velocity
¢. The orbit fills the region of space formed by rotating the figure ABCD
around the z-axis (see also problem 2.32). When Uy ,.x< E, the motion is
infinite.
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When F increases the quantity Up mq decreases and U, ;, increases.
When Up nax becomes less than U, min finite motion becomes impossible
(when 8 < —ma+ —(Fmp‘)i there are no extrema in Ug¥)).
12.13. In elliptical coordinates we have

e=0VE-D(U-1), z=o0dby o=+b-a.
The potential,

e, when §>50=P—,
U= o

O’ when E < EO’

depends only on £ and we can separate the variables in the Hamilton—
Jacobi equation (see Landau and Lifshitz, 1960, § 48).
The complete integral is

ImoA(E 2
S = -Et+p¢<pif V2m02E+ﬂ—%Q— ﬁ—_”% s

:tf 1/2m0’2E—?:1 ( pwz)_z dn’

A@§) = E-n)UE) = U@).

For a particle projected from the origin, p, = 0. From the above it
follows that

pe =+ V2m02E+

where

B—2ma*A(E) _ mo*(E—nP)E

£2-1 S 8- ’
Y . (Y
Pn = :I:‘/2ma’E— l—ﬂnz = f_n:’ )i .
In the origin (y = 0, § = 1) we have
2me’E—B . .
L VIR i 0, i= ontit) = oi

and from the condition

/2ma2E —B
V_ cosq = V2MIE—p
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we find
f = 2mo2E sin a.

The region of the admissible values of 7 is determined by the condition

B

or
in] = lcosel.

The motion thus takes place in the region
In] < |cosal, 1 <¥&<§,

(shaded region in Fig. 128).

//
gy /
// 7
;/
7

FiG. 128 FiG. 129

12.14. One can separate the Hamilton-Jacobi equation in elliptical
coordinates (see problem 2 of § 48 of Landau and Lifshitz, 1960, with
o1 = —eg = ). For a particle coming from infinity along the z-axis,
the constant 8 = —2mEp?+ 4mao, where g is the impact parameter.

If B < 0, the orbit is qualitatively the same as the orbit of a particle
which is scattered in the potential of a point dipole (see problem 12.6b).

If B = 0 the particle “falls” onto the dipole (that is, it passes in its
motion through the section 0;02) and then goes off again to infinity.
If moreover p,(n1) = 0 when 7, < 0, the particle moves in the region
bounded by the hyperbola = %; (Fig. 129).

12.15. In the Hamilton-Jacobi equation,
8S 1 [[9S\*> (8S\® (1 dS e 2
‘aT*‘zTn‘[(‘ﬁz‘) o) * (7 gt 2 HOY) =0
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12.15 Answers and Solutions
we can separate off the time and the angle ¢:

S = —Et+pep+8(r, 2). ?2)

Considering in the following only orbits which intersect with the z-axis,
we put p, = 0. It is not possible to separate the variables r and z and we
shall look for the integral approximately, in the form of an expansion in r:

8(r, 2) = So(2) +ryp(z)+1r2(2)+ . .. . 3)
Since the radial momentum,
oS
pr=5= p(2)+ro(2)+ ..., 4

for a particle flying along the z-axis (with r = 0) vanishes, for the particle
beam considered we have y(z) = 0. Substituting (3) into (1) and compar-
ing coefficients of the same powers of r (compare Landau and Lifshitz,
1962,§ 56, problem 2), we get

SO(Z) = pz, (5)
PR oy HAZ) = O ©6)

Outside the lens (where |z| > a, H(z) = 0) we have from (6)

= p <7 —

a(z) = Trer’ when z < —a, @)
N

o(z) = i when z=>a. 8)

The equation of the orbit,

N pr?
= — = B P’ 9
861' 2 2(Z+C1. 2)? 1,2 ( )
is an equation of straight lines intersecting the z-axis in the points
--¢1,2,' that is, zo = —¢; and z; = —c,. From (6) we get
+a e? +a
po(a) —po(—a)+ f o%dz+ ) H*(z)dz = 0. (10)

t When z is close to —¢,,5, 0-» o0 so that the expansion (3) becomes inapplicable.
However, the equations (9) for the orbit remain valid also for that region.
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Since |zo, 1| > a, it follows from (7) and (8) that

o(+a) =—z’1’—o (1)

+a
Let us estimate f 02 dz. According to (6), a(z)is a monotonic function.
—-a

Therefore we have

+a 2
f o2dz < 2‘:1’ < po( + a).
—a 21,0
It thus follows from (10) that
1 1 _ e2 +a 2 _ _l—
I'z';|— Z_l = ’4—02p2 Jt-a H (Z) dz = f . (12)

The condition |zo, 1| > a is, indeed, satisfied when a < cp/eH.

12.16. The whole of the calculation of the preceding problem up to
equation (6) is applicable also to this problem. The substitution 6 = f*/pf
reduces (6) to the form

e?H?
(1+x2z2)f"(z)+j4? =0,

and after that the substitution

s G =<l 0= 1)
gives
n""(§)+2n(¢) = 0,
where -
2= 1+~‘—‘W2p g -
Hence

o = sin £+ A cos? & cot (A¢ +a),
and the equation for the orbit becomes
oS _ pr*lcost( B
o = 2sin? (Af+a)
or
rcos &£ = B’ sin (A8 +a).
When r = 0,
A, +oa = nm,
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131 Answers and Solutions
and thus

o« = —A arctan xzp,
so that the points where the beam is focused are given by

®z, = tan [arctan ®Zo+ nTn]

Depending on the magnitude of A there will be one or several points of
focusing.

12.17.
S, g, t, to) = f(g, %(g, qo, t, t0), t) —f(qo, %(g, go, ¢, to), to),
where f(q, «, t) is the complete integral of the Hamilton—Jacobi equation,

while the function «(g, qo, #, ?o) is determined by the equation (or set of
equations for the case of several degrees of freedom)

af(q9 &%, t) _ af(q(h %, tﬂ)
O - O )

13. ADIABATIC INVARIANTS

13.1. On the ring A there acts a force determined by the tension in the
string. From Fig. 130 we see that for small ¢, F, = mgp, F, = ymgep?.
Since the length of the string AB changes slowly, we can average the force

) A

FiG. 130
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over a period of the oscillations,

@ =@ocoswt, = %,
assuming the length of the string to be constant. We get
F, =0, F, = tmgg?.

When the ring is displaced over a distance dy = dl, the energy decreases
by
Fydy = tmgg}dl.

Since
= ng’??g’
we have
1 E
dE = — ) | dl.

Hence we have El? = constant.

13.2. After the particle has collided with both walls its velocity v is
changed by 2/. The condition that the change is slow means that | 2//v | <.
We choose a time interval Af such that Ar>>2l/v and At<1/i. Such a At
exists because of the slowness condition. During such a time interval there
are v At2l pairs of collisions with the walls and the velocity is changed by

v = —vl 4—115 1)
Hence v/ = constant or E/? = constant.

It is interesting to study in somewhat more detail how the product v/
changes. This is easily done by studying the functions /(r) and v(#) (see
Fig. 131a, b). In Fig. 131c we have drawn the function / = vl. The quan-
tity v/ oscillates around the practically constant value (v/) while the
amplitude of the oscillations has the relative magnitude AI/I ~ Ifv.
The deviation of (v/) from a constant value is of higher order:

g oy~ i

13.3 If g(tf) = g—a were constant, the motion of the ball would be

described by
1) =h—bgr* for —[/2” [/2” ()
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Answers and Solutions

\

(a)

#2!
v
— —— t
(b)
vl
BN B B B I
-t
(©)
Fic. 131
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A change in g(7) by 4g leads to a change in the potential energy by mz /g,
and over a period by m(z) Ag, where (z) = Zh is the time average of z.

There is a slow change in the total energy, A(mgh), due to the change in
the potential energy. Therefore

mdg - 3h = A(mgh),

or
gdh+5hAg = 0,
whence

[XIEN

ho g

In this proof we have essentially followed the same method which in the
general case is applied to prove that :ﬁ p dq is constant (see Landau and
Lifshitz, 1960, § 49, or ter Haar, 1964, § 6.3).

Of course, we could directly have used in this problem (and in the two
preceding problems) the results of the general theory.

If the plate is raised, # = constant. This is clear when the velocity of the
plate is constant (it is sufficient to change to a system of reference fixed
in the plate). If the velocity changes the result cannot change as it depends,
according to the general theory, only on the height of the support of the
plate. It is assumed that the relative change in velocity during a time

V4 (2h/g) is small.

13.4. (a)
I= 3/2'" [V Ue— v/ ElJ;
(b) ‘/2’” [VE+Us—A/Us);
_ 2\/27n ~L A TUmIG) o
© I= mT_A E T[(1/n)+ 3]
13.5.
2
h oc sin3a
13.6. 1
x oc sin ‘o
13.7.
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13.8. (a) Let the coordinates of the particles m and M, reckoned from
O be x and X. The motion of the light particle can be considered approx-
imately as the motion between two walls, one of which is moving. As the
condition

|| > |X| (1

is satisfied, the average over one period of the product |[x|X = C is
conserved (see problem 13.2). Eliminating X from the energy conserva-
tion law,

Fmi+ 3 MX? =

we find that the effect of the light particle upon the motion of the heavy
one is equivalent to the appearance of a potential energy U(X)= mC?/2X?2.
The equation

IMX2+ UX) =

leads to the following equation for the orbit:
et 2
—7)2
X = 1/ E M — (t—1)2.
The constants E, C, and 7 can be determined from the initial values of X,
X and x (they are independent of x(0)). This method of solving the prob-
lem becomes inapplicable when condition (1) is not satisfied.
Similar approximations (which are called adiabatic approximations)
are widely applied, for instance, in the theory of molecules.

(b) If at the moment of contact of the heavy particles (x; = x,) the
energy of the light particle E < —2V, a “molecule” may exist.

13.9. We expand the frequency in a series in ¢ in the equations for P
and Q,

0= a)+—2— sin2Q, P = —P—Z’;cos 20.

Restricting ourselves to first-order corrections we get for P and Q the
equations

Q = wo+ Wot + 2wo sin 20, (1)

P

wo
—P o0 cos 20, (2)

where wq and w, are the values of the frequency and its derivative at time

257



Collection of Problems in Classical Mechanics 139

to = 0, and we have wo = £%w? with ¢ < 1. From (1) and (2) we get
1 - wo (' .
0 = wot+p+5 wet2+—+—— f sin 2Q(t) dt, 3)
2600 o

P = Po[l——z))—:f‘coﬂth], 4)
(1}

motion differ relatively little from their initial values Qo = wo?+¢ and
Ao = V/2Py/mwq even for time intervals which are much longer than the

Q

(a)

(c)

FiG. 132

period 27/w of the oscillations (see Fig. 132). Thus for a time ¢ ~ | /ewq the
second term in (3) is of order unity, and the third one of order ¢, and thus

Q = wot+p++et?, P =P,

However, this change in phase leads to the fact that the perturbed motion
in terms of the variables p and ¢,

g(t) = Ao cos (wot + @+ 5 of?),
will differ appreciably from the unperturbed motion,
qo(t) = Ao cos (wot + @),
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in such a way that
q(t) —qo(r) ~ qol?).
When one tries to construct a perturbation theory for the variables g and
p one obtains for the first-order correction g(¢) the equation
G+ wig, = —2w4wot A, cos (we! + ),
which has a resonance force which increases with time. The solution ob-

tained in such a theory is thus applicable only for small time intervals of
the order of a few periods of the oscillations 27 /wq << 1/ewo.

13.10.

) ) 2 a [
I(t) = I(— )+ f F'(r)e—ior d‘tl — Ef F'(7) sin (ot —p)dr,

2m w31
I(— ) = $mwa®.

13.11. We transform the Hamiltonian of the system,
H(x, p, t)= + Tmw?x® — xF(t) = E(®1), ¥}

to the form

F\2 p? F?
1 2 — s =
2w (x mw”) tom T 2me? E.

From this it is clear that the orbit in phase space is an ellipse which is
displaced along the x-axis over a distance F/mw? with semi-axes

S E 2 T 2
a= ‘/-2E + £ , b= 2mE+€f
mw? = miwt

Apart from a factor 1 /2n the adiabatic invariant is the area of this ellipse

E+ F22mo?

I=%ab= =

(2
Here the meaning of £+ F2/2maw? is that of the energy of oscillations near
the displaced equilibrium position (compare problem 5.16). Substituting
the value of E from (1) into (2) we can write the result in the form

1=n FA\P
2—w|x+1w(x _mTﬂ)
—m f 6110 Fa)dr + e[3(0) + iox(@)] = . )|
(1]
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We can use here equations (22.9) and (22.10) from Landau and Lifshitz,
1960, for the quantity x+ irox.
Integrating by parts we get

x(O)

0

10) = 10)+~9 " F(t) sin wtdt—%[x(O) A (0)] f F(r) cos wrdr

] IF 'ld 2
+275>J; (t)ei'dt | .

If the force changes slowly, I(¢) will thus oscillate near 1(0). If F(t) -
constant as ¢ — oo, the total change in the adiabatic invariant, I(e>) —I(0),
can be very small (see problem 5.18).

5
13.12. PV? = constant.

13.13. (a)
2, (1} 13 1§
E= [ 77? ]
where a, b, and c are the lengths of the edges of the parallelepiped, and
I, = constant. The dependence of the energy on a, b, and c is determined
not only by their initial values, but also by the initial distribution of energy
over the different degrees of freedom.

(b) The position of the parallelepiped is determined by three angles (for
instance, the Euler angles). These angles will occur as parameters in the
Hamiltonian and will change slowly when the parallelepiped is rotated. In
a system of coordinates with axes parallel to its edges, we can separate the
variables in the Hamilton-Jacobi equation. The form of the Hamiltonian
is in that system of coordinates independent of the above-mentioned para-
meters. The invariance of the appropriate adiabatic invariants thus leads
to the invariance of the absolute magnitudes of the components of the
velocity along each of the edges. The angles of incidence of the particle on
each of the sides are also invariant.

13.14. In spherical coordinates the variables separate. The angular mo-
mentum M is strictly conserved. (Moreover, M, is an adiabatic invariant
corresponding to the angle ¢.) The adiabatic invariant for the radial
motion is

L f IRE—F T dr (1)

min
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We can find the function E(R) without evaluating the integral (1). The
substitution r = Rx gives

— 1 fl 2 2y—2 dx = 2
I’_Z \/2mER —M2x —;— ,(ER,M),

Xmin
whence ER? = constant. We get thus for the angle of incidence
T'min M

sina = = —
R \/2mE R

= constant.

13.15. (a) Eccy?/3-m;
-1
(b) Eccy 2.

13.17. Equating the values of the adiabatic invariant before and after
the switching on of the field,

"max

VE—=(M?2mr®) —U(r) dr

— | 7 A/ EOE—(MEamr® UG =8U(r) dr,

Tmin

we get
"max oU(r)dr

hain V/ (2/m) [E—(M?[2mr®) —U]

oF = (8U) = 2.

(compare problem 13.3).
13.18.
E = 11!)14'1292
(in the notation of problem 6.4a). The orbit fills the rectangle

Q1] = VI/21, 102 = V1/Q.
The condition that the theory of adiabatic invariants is applicable is
Qi << Q?, Q’ < lej,', i= 1, 2.

Outside the region of degeneracy these conditions reduce to the same ones
for wy(#). In the region of degeneracy |w}—w%| ~ «, and the second condi-
tion is more restrictive and gives @ << « (the region of degeneracy is tra-
versed during a time which is considerably longer than the period of the
beats).
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13.19. When the coupling «xy is not present, the system splits into two
independent oscillators with coordinates x and y. The corresponding
adiabatic invariants are I, = E,/w; and I, = E, /w,, where E, and E, are
the energies of these oscillators.

When the coupling is taken into account the system consists of two
independent oscillators with coordinates Q1 and Q.. If the frequency
changes sufficiently slowly, the quantities I, = E1/€; and I, = E»[Q2, are
invariant.

Outside the region of degeneracy the normal oscillations are strongly
localised, and when w, < w1t turns out that Q1 = x, Q> = y, while when
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w; > wg, we have 0 =y, Q2 = —x. Thus, when w; < w,, I, = I,
I, = I, while when w; < w3, we have I, = I, I, = I, (see Fig. 133).

We shall illustrate this by the following example. Two pendulums, the
length of one of which can be changed slowly, are coupled by a spring
with a small stiffness (Fig. 134). When the lengths / and L of the pendulum
are appreciably different, the normal oscillations are practically the same
as the oscillations of one or the other pendulum. Let the pendulum AB ini-
tially oscillate with amplitude o, and the pendulum CD with a very small
amplitude. When L is decreased the amplitude of the oscillations of the
pendulum CD remains small until its length becomes almost equal to /.
When L = [, its amplitude increases (and when / = L both pendulums
will oscillate with the same amplitude, go/4/2, in antiphase). When L is
decreased further, practically all the enel;gy transfers to the pendulum CD

and its amplitude becomes p; = @o(//L)*, as for a separate pendulum.

If we traverse the degeneracy region relatively fast, « << w1, such a
transfer of energy between the oscillators will not take place. If, moreover,
0 < 0}, ®; < w01, I, and I, will be invariant.

13.20. From the equations of motion,
X+wix+28xy =0, )
j+wiy+px® =0, 2

we see easily that the coupling between the oscillators leads to a large
energy transfer when 2w, ~ ..
Let

x = a(t) cos (wit+¢), y = b(t) cos (wat+v).
If a > b, the term
Bx? = $pa*+ 1 pfa? cos (2w1+2¢p)

in (2) will play the role of an applied force, leading to a resonance increase
in y. If, however, a < b, the term

2Bxy = 2Bbx cos (w2 +y)

leads to a parametric building-up of the oscillations in x.
The region of resonance interaction (see problem 8.7) is

|20; —ws| S Bb/ws.

In general, a strong resonance interaction between the oscillators occurs
when nw; = mw,, where n and m are integers. However, the width of the
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regions of frequencies in which these resonances occur is for not too small
n and m extremely small (see Landau and Lifshitz, 1960, § 29). We can
therefore neglect their influence on the motion of the oscillators for not
too small values of @, (provided they are sufficiently small that we can use
the theory of adiabatic invariants).

13.21. Let the particle moving in the xy-plane at a small angle to the
y-axis (|X| < |y|) be reflected from the x-axis and from the curve yo(x)
(Fig. 135). If we assume that we know how the particle moves in the x-direc-
tion, we can study the motion in the y-direction by taking x(¢) to be a slowly

\

Yo (X)

FiG. 135

changing parameter. The adiabatic invariant,
$pydy = 1py|yolx) = 2al,

will remain constant and that equation determines the function p,(x). To
determine x(¢) we can use the energy conservation law

m2x%+ p%(x) = 2mE.
The minimum distance xp;, is determined by the condition

pﬁ(xmin) = 2mE.
Substituting

yo(x) = xtane, 2nl = A/2mE Itan a cos p,,

we get
Xmin = I COS @o.
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FiG. 136

The solution by means of the reflection method is clear from Fig. 136.
This method gives an exact solution applicable to any angles « and ¢, but
it cannot be generalised to the case when yo(x) is not a straight line.

=
avy/cos 2a

13.23. (a) The problem of the motion of a particle in a magnetic field
reduces for the given choice of vector potential to the problem of the mo-
tion of a harmonic oscillator (see problem 10.7). The adiabatic invariant is

= E—p?2m o«
®

13.22. tan ax, =tan ¢, T =

% oc maH,

where a = emv | [eH is the radius of the electron orbit (compare Landau
and Lifshitz, 1962,§ 21). The relation I oc 7a?H can be interpreted simply :
the radius of the orbit changes in such a way that the magnetic field flux
through the area circumsciibed by it remains constant. The distance of
the centre of the orbit from the yz-plane is equal to x = cp,/¢eH, and de-
creases with increasing H.

The occurrence of a drift of the orbit is connected with the appearance
of an electric field,

E=-14 = (0, —-l—xH,O),
(4 (4
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Var

FiG. 137

when the magnetic field changes (compare Landau and Lifshitz, 1962,
§ 22) (the electrical field vector E and the drift velocity vy, are shown in
Fig. 137 for different orbit positions).

(b) The Hamiltonian is in cylindrical coordinates

_ Pt P} 1 eH ,\?
H_427+2m 2mr2( 7 )

The quantities p, and p, are integrals of motion. The adiabatic invariant
for the radial motion is

"min 1 eH \?
al, = J:m“ l/szJ. =) (Pw—j"z) dr,
1

which after the substitution r = H_ 2& becomes

. l/(szi/H)—E‘z (po- 5, &) e = atipp E211D

Smin

Therefore, E | [H = constant, that is, the energy of the transverse motion
changes in the same way as under (a). The distance ro of the centre of the
orbit to the origin is

5max+‘§min oc 1

2V/H VH

When H increases, the centre of the orbit approaches the origin (Fig. 138).

1
ro = 2 (rmax+Tmin) =
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E
E
vClr
Var
FiG. 138
When H changes there occurs an electric field
r
E,=—5-H, E =E, =0,

the field lines of which are closed circles (Fig. 138).

In real conditions a uniform magnetic field can exist only in a limited
region of space. The electrical field occurring when the magnetic field is
changed depends very strongly on the shape of that region and the condi-
tions at its boundaries (compare Landau and Lifshitz, 1962, § 21). For in-
stance, the field considered under (a) could occur near a conducting plane
in which there was a current, while the field under (b) could be produced
in a solenoid.!

The strong dependence of the nature of the motion of the particle on
the weak field E even in the case of infinitesimal H can be explained by the
presence of degeneracy (when H = constant the periods in the two coor-
dinates x and y, or r and p are the same).

We note that the quantity £, /H turned out to be an adiabatic invariant
in both cases. One can prove that this result is independent of the choice
of the form of A4 (see Landau and Lifshitz, 1962, § 21, or Bogolyubov and
Mitropolskii, 1958, § 25).

13.24. Choosing the vector potential in the form
A, = 3rH(t), A, =A4.=0, )]

t The change in the electric field E connected with the change in the choice of the form
of A would not occur if we had simultaneously changed the scalar potential by d¢ =
¢! (3/dr)(3 Hxy) (gauge transformation).
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we get the adiabatic invariants

I, = Ez/w» Ip = Do)

1 .
mas e2H2\ 2 dt
J.m ‘/ 2mE, + - Hp,,) (w2+ 4—m202) §2 —p2 —m*Er —- F

Therefore

@

1

272
Ecco, E,+ 2” Po [wz+ (28:—6) ] . 3)
As we showed in the preceding problem, if we give H(r, t) in the region
where the motion of the particle takes place, we have not determined
uniquely the physical conditions of the problem: E(r, t) is not determined
uniquely. However, if we give the vector potential A(r, f) (we assume
that the scalar potential is equal to zero) the fields E and H are com-

pletely determined.

The vector potential (1) gives a magnetic field which is symmetric with

respect to the z-axis going through the centre of the oscillator. If we make
a different choice for 4,

Ay, =A4,=0, A, = xH(t), @)

we get practically a different physical problem. The Lagrangians for these
two problems differ by

d (e e .
8L = ar (—2? ny) ~ % Hxy, (5)

that is, their difference is very small, if we drop in (5) the inessential total
derivative with respect to time. In the preceding problem, where the mo-
tion was degenerate, just this extra term led to a complete change in the
direction and drift velocity of the orbit. In the present case, however, the
motion of the oscillator is not degenerate when H > 0 and we can neglect
the extra term 6L (compare problem 13.19). The relation (3) is thus valid
also for a different choice of 4. When one passes through the degeneracy
region (H = 0) equation (3) remains valid only when we choose the axially
symmetric field (1). For instance, the behaviour of the oscillator in the
field (4) when H passes through zero requires additional study.

Would 7, from (2) and I, = E,/w, for an harmonic oscillator with an
elastic constant in the z-direction different from the constants mw? in the

268



13.25 Answers and Solutions

xy-plane be invariant when the magnetic field passes through values such
that one of the frequencies of the transverse oscillations,

eH \?2 eH
wy, 2= | 0*+|5—) 55—,
2mc 2mc

turns out to be equal to w,?

13.25. (a) Using a canonical transformation one can reduce the Hamil-
tonian to a sum of two independent oscillator Hamiltonians (for X and
Y; see problem 11.21). For each of the oscillators the ratio of the energy
to the frequency is an adiabatic invariant. We remind ourselves that the
oscillations of each of them corresponds to motion along an ellipse (see
problem 6.23). In terms of the amplitudes a, of the oscillations in the
x-direction, for instance, the adiabatic invariants are equal to

5, = mak Q-oje
20, QF—ow?

When the parameters of the system are changing we must also add to
the new Hamiltonian the partial derivative with respect to the time of the
generating function which is equal to A(mwsXY+ PyPy/mws).t This
correction term is small (A < 2,) and can be neglected provided the
eigen-frequencies are not the same (compare problem 13.19). One must
consider separately the degenerate case when w; = we and a magnetic
field which can vanish.

If we choose a different vector potential which leads to the same magne-
tic field, but to a different electric field, as E = —c ~10A4/0t, the adiabatic
invariants turn out to be unchanged (we must again exclude the case
when ©w; = ws and H = 0).

(b) To fix the ideas let w; > w,. The motion is along a circle of radius
ay/wi/oy with a frequency wy, but the centre of the circle moves

+ One can simplify the calculation of this partial derivative by the following consi-
derations. When we go from ¢ to ¢ + 6t we must perform an additional canonical trans-
formation corresponding to changing from A to A+ 4. Such a transformation is pro-
duced by the generating function (see problem 11.29)

D(X, Y, Py Py) = XPy+YPy+0A(mw,XY+PyPy/maw,).
Therefore
0P

¥y = Mmoo XY+ Py Py [mor).

20
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along an ellipse with semi-axes in the x- and y-directions and equal to
bws/ @10y and by/ w1 /wy, with a frequency wiwz/wy.

(c) The oscillation will proceed almost in the y-direction; its amplitude
is increased by a factor 4/w;/w, (compare problem 13.19).

13.27. (a) The motion of the particle in the xy-plane takes place under
the action of a magnetic field which is slowly varying as the particle moves
along the z-direction. The adiabatic invariant /, = E | /(eH(z)/mc)is then
conserved (see problem 13.23). From the energy conservation law we have

Lupyg, 0@ _ g
mc
The particle moves in the z-direction as if it moved in a potential U(z) =
I, eH(z)/mc. The period of the oscillations is (compare problem 2b from
Landau and Lifshitz, 1960, § 12)
2na

T = _—
v/ Asin?a —cos?a’

where « is the angle between the velocity v of the particle and the z-axis.
Particles for which cot? « > 1 are not contained in the trap. The condition
for the applicability of the theory of adiabatic invariants consists in the
requirement that the change in the magnetic field during one period of
revolution of the particle be small. This gives mciv, < aeH,.

The motion of a particle the centre of the orbit of which is not on the
z-axis is more complicated. The centre of its orbit both moves in the z-
direction and slowly rotates around the z-axis at a constant distance.

As an example of a magnetic trap we can mention the radiation belts of
the Earth.

b)) T=

13.28. (a) (AE, —E),)a® = constant, E,/H, = constant,
E=FE +E;;

(b) E./Ho = constant, E,A/Ho/a = constant.

2na

vsina

13.29. If we neglect in the Hamiltonian

g P + Py PE_ eHpp _ eHrsin0
T 2m " 2mr? " 2mr2sin26 2mc 8mc?
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the last term which is quadratic in H we can separate the variables in the
Hamilton-Jacobi equation. The adiabatic invariants have the form

l = pqn Io = ; [ﬂ (pw/s“]z 0)] do = IO (pw ﬂ)s

b e ] B )

When H is slowly changed, the quantities p,, 8, and E+eHp ,/2mc
thus remain constant.

13.30. (a) Apart from the obvious integrals of motion E and M the
following quantities are also conserved (we consider at once planar
motion):

_ K 2 P 1,0
E, = m +ixx?, E, = o + gyt
The number of independent integrals (three, when we bear in mind that
E.+E, = E)is larger than the number of degrees of freedom (two).

Of course, there are yet other integrals of motion—such as, for in-
stance, {M_, E,}—but they are not independent.

(b) Apart from

"
2m
the quantity B = tan(2w,—w,) is also a unique integral of motion;

w, = arctan(p,/mwXx), w, = arctan(p,/2mwy) are angle variables (Landau
and Lifshitz, 1960, § 50; ter Haar, 1964, § 6.2):

+imo? = E,, 2 m imw?y? = E,,

_ 4mPo?xyp, —mPwx%p, + plp,
T 2mPwdx2y —2mayp?+ 2mwxp,p,

13.31. (a)

— s = ,If— 1 2
w = arctan mowg’ I = 2meo + gmowg?.
These variables are convenient, for instance, to develop perturbation
theory (see problem 13.9; see also ter Haar, 1964, Ch. 7).
(b) Let initially the particle move to the right from the point x = 0;
we shall choose S such that S = 0 for x = 0.
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In that case
where

x 1\2/3 3/2
=j |pldx =n1—na[(—) —Fx] s
o a
1

m 24/2m E —
= — = 3/2 = 9 = — = —_ .
1 nJ:, |pldx = aE32, a wmE TR Ipl = A/ 2m (E—xF)

If the motion is to the left

{ f L } |pldx = nl+na [ (1 )z/a _Fx]m’

and so on. For the nth oscillation
1\23 3/2
=Q@n-1)IT na[(;) —Fx]

(the upper (lower) sign corresponds to motion to the right (left); Fig.
139).

FiG. 139 FiG. 140

One can use S(x, /) as a generating function to change to new canonical
action and angle variables (see Landau and Lifshitz, 1960, § 49). The new
variables are connected with the old ones in the following way:

- 4 (‘11_)2/3 (—[Qn—D—wp), p=2a ("l-)m [(2n— 1)z —w),

where w is a periodic function of x (but w is a multivalued function of x;
Fig. 140).
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13.32. From the relation

P= f V2m(E—U) dx
)
we find
P2

. mV2a?
~ 2ma?

E 8‘P'T"-

+3V+
The action is
x AV/2mE x+(n—1)P, when na < x < (n+ })a,
So = dx N .
° ,[, P VImE=V)(x-1a)+ \/ZmE;— +(@n—-1P,
when (n+4)a < x < (n+1) a.

Eliminating E we get the generating function for the canonical transfor-
mation under consideration

(54.‘%/) x+(@m—1)P, whenna < x < (n+1)a,
So(x, P) =\ mav P _amV x+m—1)P
2P (E 2P) nn

when (n+3) a<x<(n+ Da.
From the equations Q = 98So/0P, p = 8.S0/0x we get

P amV O+1—n 1
P,0)=17 i (P,0) = (matv2p7) & Whenn—1=0=n—3,
PAEL)=AP amy X U5E)I=) 041 on 1 1

E— ‘2—};, H(ma—wp—z)a+rza,when n—‘2—<Q<n.

The variables P and Q are analogous to action and angle variables and
the quantity aQ is the average particle velocity.
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Index

The numbers refer to the problems; for instance, 4.12 is problem 12 of § 4.

Acoustic branch 7.4, 7.6
Adiabatic approximation 13.8
Anomaly, eccentric 2.33

Barrier, spherical 3.3
Beam focusing 2.13, 8.11, 12,15, 12.16

Christoffel symbol 4.19
Circuits 4.204.22, 5.10, 5.19, 6.5
Conservation law

angular momentum 4.12, 10.1

energy 2.1,4.12

momentum 2.1, 4.12, 10.1
Constraints 4.24-4.27
Continuous systems 4.28, 7.8, 7.9
Curvilinear coordinates 4.18, 4.19

Dissipative function 5.10, 11.36

Electric field, motion in 2.22, 2.32,
4.13, 6.28, 10.9, 11.10, 11.27, 12.1,
12.19

Electron motion in periodic lattices
10.9, 10.10

Euler angles 9.8, 9.11, 10.2, 13.13

Euler equations 9.10, 11.7

Frequency tripling 8.5
Friction 5.11, 5.13, 5.20, 11.36

Gauge transformation 11.25,13.23
Gravity, motion under 4.24, 4.25, 5.2,
5.8,9.12

Holes 10.8
Inertial tensor 9.1-9.4
Jacobi coordinates 2.24

Kepler problem 2.3, 2.33

Lagrangian multipliers 4.24
Larmor theorem 2.29, 6.23, 11.8
Light, propagation of 10.5
Lissajous figures 6.3

Magnetic dipole 2.27, 2.33, 4.16, 11.8
Magnetic field, motion in  2.23, 2.26,
2.28-2.30, 4.13, 4.15, 4.16, 4.29,
4.30, 6.23-6.25, 10.7, 10.8, 10.10-
10.12, 11.9, 11.20, 11.23, 12.15,
12.16, 13.23-13.29
Magnetic trap  13.26, 13.27
Molecules
diatomic 5.6
four-atomic 6.38
triatomic  6.37, 9.15

Noether’s theorem 4.10

Optical branch 7.4, 7.6
Orthogonality relations 6.14
Oscillator
anharmonic 1.11, 8.1, 8.2, 8.4-8.6,
10.2, 11.17, 11.18, 11.36
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Oscillator (continued)
harmonic 1.9, 1.11, 5.11-5.19, 5.20,
6.23, 6.24, 8.7, 8.8, 8.10, 11.10,
11.13, 11.19-11.21, 11.27, 11.36,
12.1, 13.9-13.11, 13.23-13.25,
13.30, 13.31
Oscillators,coupled 11.17,13.18-13.20

Pendulum 1.6, 1.7,4.22,5.5,5.9, 6.25,
8.3, 8.9, 12.10, 13.1, 13.6, 13.7,
13.16

Pendulums, coupled 13.19

Perturbation theory 1.8-1.10, 2.17,
2.20, 2.21, 2.30, 2.32, 3.13, 6.18,
6.20, 13.9, 13.13, 13.14, 13.17

Phase-space distributions 11.36

Potential

Coulomb 2.6, 2.18, 2.21, 2.22, 2.29,
2.33,12.14
Morse 1.1
perturbed 1.8-1.10, 2.17
Yukawa 2.7,2.18
Precession of orbit 2.1

Quadrupole moment tensor 9.5, 9.8
Quasi-momentum 10.8
Quasi-particles 10.8
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Rayleigh’s theorem 6.4

Resonance 5.11, 5.19, 8.5, 13.20
Resonance, parametric 8.7, 8.8
Rotating frame, motion in 9.12-9.15

Scattering § 3, 5.14, 5.15, 12.3-12.5
Rutherford 3.2
small angle 3.8, 3.10, 3.12, 12.3
Solids, motion in  10.8-10.10

Top
asymmetric 9.10
symmetric 9.4, 10.2
Transformations
Galilean 4.14, 11.30
gauge 11.25,13.23
infinitesimal 11.34, 11.35
similarity 4.13
Transport cross-section 3.22

van der Waals forces 8.10
Virial theorem 4.30

Well
spherical 2.2
square 13.2
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